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PEEFACE TO SECOND EDITION 


The purpose of Solid Mensuration is to present the fundamental, 
practical essentials of solid geometry in a new and concise but 
comprehensive manner. To accomplish this purpose more com- 
pletely the authors have entirely rewritten the original text. 

One of the most important objects to be gained by a study of 
solid geometry is the development of a space intuition. To attain 
this object we have introduced a large number, of exercises which 
call for visualization of cross sections of solids in connection with 
reducing a problem in solid geometry to a number of simple prob- 
lems in plane geometry. 

Perhaps the most distinctive feature of this revision is the in- 
clusion of simple proofs of the volume and surface formulas. These 
proofs appeal to the intuition. The conventional treatment has 
been simplified by basing the proof of each volume formula on 
Cavalieri^s Theorem. A considerable simplification is obtained 
by considering first the elementary and most familiar solids and 
by separating the solids into natural groups. The treatment of 
the solids for which 7 = BA is in the first group, the solids for 
which V = jBh is in the second group, and the sohds for which 
V = (mean B)h is in the third group. 

Most of the problems and illustrative examples relate to familiar 
objects of everyday experience. Many of the problems require 
thought and visualization. Each has been carefully selected with 
the thought of stimulating the student^s imagination and develop-- 
ing his space intuition. 

Four-place tables of logarithms, of natural trigonometric func- 
tions, and of logarithms of trigonometric functions have been 
included. A number of new and distinctive features connected 
with the table of logarithms give a gain in simplicity, speed, and 
accuracy. 

The labor of the authors will be amply repaid if this revised 
edition meets with the generous favor accorded Solid Mensuration 
since its first appearance. 
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SOLID MENSURATION 


CHAPTER I 
PLANE FIGURES 
1. INTRODUCTION 

Solid Mensuration deals primarily with the various solids. The 
formulas developed in this text are used extensively in railway 
engineering, in road and bridge construction^ in chemical and 
physical analyses, and in a large variety of commercial and engi- 
neering projects. As we study Solid Mensuration we shall see how 
necessary it is to have a thorough knowledge of the mensuration of 
solids. 


2. COMPUTATION SUGGESTIONS 

When solving a problem in Solid Mensuration, draw an appropri- 
ate figure on which all dimensions are shown. Write down all 
formulas by means of which the unknown quantities are to be 
found. Be sure that your work is arranged so that it can be 
followed at any time by yourself or another person. A study of the 
examples solved in the text will aid the student in making adequate 
arrangements for himself. In many problems it is helpful to em- 
ploy literal quantities to denote numerical values in carrying on 
the work. However, in completing a problem it is necessary finally 
to replace these literal quantities by the numbers they represent. 

Logarithms. A four-place table of logarithms is given on p. 156. 
This table is unique in that it includes special tables of proportional 
parts together with tabular differences. The simplicity of opera- 
tion resulting from these features permits both greater speed and 
greater accuracy. 

Slide Rule. The use of a slide rule in connection with a course in 
Solid Mensuration, besides showing the power and limitations of 
the instrument, enlivens the course considerably. It interests the 
student to find, after spending considerable time in the computa- 
tion of a problem, that he can use his slide rule to obtain a result 
usually accurate to three figures in a fraction of the time. 
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There are many types of slide niles available. The “ L L Trig 
Duplex* Slide Rule and the “ Polyphase Trig Duplex* Slide 
Rule ’’ are two of the best and are especially suited for use when 
performing computations in coimection with the solution of engi- 
neering problems. A manual of explanation accompanies each of 
these slide rules. This manual has been written for study without 
the aid of a teacher. The subject matter is so presented that the 
beginner uses two general principles while he is learning to read the 
scales and perform the simpler operations- The mastery of these 
two principles gives the power to devise the best settings for any 
particular purpose, and to recall settings that have been forgotten. 

Trigonometry. Included in each list of problems are some which 
require the use of trigonometry in their solution. These are in- 
dicated by the symbol ★. 

A four-place table of logarithms of the trigonometric functions 
and a four-place table of natural trigonometric functions are 
given on pp, 156-159. 

3. MENSmtATION OF PLANE FIGURES 

A large part of the work of this textbook has to do with the com- 
putation of surface areas and the volumes of solids. In this con- 
nection it is frequently necessary to pass a plane through a solid to 
form a plane section, find the area of this section, and multiply it by 
the length of a line. Thus it is important for the student to be 
thoroughly familiar with the mensuration of the standard plane 
figures. Tor this reason he should carefully review the following 
list of formulas relating to plane figures. 

Square 

Area = (edge)^, 

A = 

Rectangle 

Area = base X altitude, 

A — ha. 

Right triangle 

Area — ^ base X altitude 

A - 

* Registered U. S. Pat. Off. by Keuifel and Esser Co., Hoboken, N. J. 
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Some other right triangles, the measures of whose sides are all 
whole numbers which satisfy the Pythagorean theorem, are : 
5 - 12 - 13 ; 7 - 24 - 25 ; 8 - 15 - 17 ; 20 - 21 - 29 ; 16 - 63 - 65 ; 13 - 84 - 85 ; 

119 - 120 - 169 . 


Oblique triangle 

Area — J base X altitude. 
A - ^hh. 



M = ^s(s — a) (s b) (s — c), where s = 


(g -h 5 + c) 
2 


Parallelogram (opposite sides parallel) 

Area — base X altitude. 

A - hh. 

Trapezoid (one pair of opposite sides parallel) 
Area = | sum of bases X altitude. 

A = ^(g + h^h. 

Circle 

Circumference = {radius') — tt (diameter). 
C = 27ri? = ttZ). 

TT 

Area — tt {radius)^ = — (diameter) 

4 

4 

Sector of circle 

Area = J radius X arc. 

A ^Rc ^ iR^e. 
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Segment of circle 

G.(.segment) ~ {sector) •^'l^^(^{triangle) 

A = ^Rc — 


Ellipse 

Area = wah. 


Parabolic segment. 
Area — fZcZ. 




Area by approximation 

The area of any irregular plane figure 
can be found approximately by divid- 
ing it into an even number of strips or 
panels by a series of equidistant paral- 
lel chords 2 / 0 , yj, ys, . • • , y^, the com- 
mon distance between the chords being 
h. The required area is then given by the following formula 

^ + 2yn-2 + 4yw_i -{- y^). 

The larger the value of n, in general the greater is the accuracy of 
approximation . 

Similar figmes 

Similar polygons are polygons that have their homologous angles 
equal and their homologous sides proportional. In general, corre- 
sponding lines of similar figures are in the 
same ratio. Similar polygons have the same 
ratio as the squares of any two corresponding 
lines. 

Example 1. The section (see figure) of a cer- 
tain solid is bounded by two concentric circles 
whose radii are 6.1 ft. and 4.1 ft. Find the area 
of this section. 

Solution, Let Ai and As denote the areas of the larger and smaller 



(such as the one shown) 
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circles, respectively, 
have 

and 


Using the formula for the area of a circle, we 
Ai = 7r(6.1)2 
As = ^( 4 . 1 ) 2 . 


Since the difference between these two areas is the area of the section, 
we write 


Ai - As ^ 7r(6.1)2 - 7r(4.1)2 = 7r[(6.1)2 - (4.1)2] 

= 7r(6.1 + 4.1) (6.1 ~ 4.1) 

= 7r(10.2) (2) == 64.089 sq. ft. Ans. 


Example 2. The section of a certain solid consists 
of a semicircle, a rectangle, and a triangle, as shown. 
The altitude of the rectangle is three times the radius 
of the semicircle, the altitude of the triangle is twice 
the same radius, and the area of the triangle is 20 
sq. ft. Find the area of the section. 

Solution. Let Ar, and Ac denote the areas of 
the triangle, rectangle, and semicircle, respectively. 
Using formulas listed in .this article under the ap- 
propriate headings, we find in terms of r 

At = i(2r) (2r) = 2r2, 

Ar = (2r) (3r) = 6r2, 

Ac = 



2r 


Since the area of the section A is the sum of these 
areas, we have 

A At + Ar + Ac — 2r2 6r2 -f- — (16 + tt). (a) 


Equating the area of the triangle in terms of r to its given area, we 
get 

20 = i(2r) (2r). 

Solving this equation for we obtain 

7*2 = 10 . 


Substituting this value of in equation (a), we get 

A = ^(16 d- tt) = 95.708 sq. ft. Ans. 

Example 3. A city block is in the form of a parallelogram whose 
shorter diagonal AR is perpendicular to side BC, as shown in the 
figure. The shorter sides represent streets and the longer sides repre- 
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sent avenues. If the distance between the avenues is 400 ft. and the 
length of each street is 500 ft., find the area of the block. 



Solution. From B drop the perpendicular BD to line AC 
BD by construction is the distance between the avenues, 

BD = 400. 


Since 


Applying the Pythagorean theorem to right triangle BDC, we obtain 
DC = V(500)^“r7i55ji = 3oo_ 

*" P«P..cH.«l.r ,0 tt. M„ 


Solving for AR, we get 


AB 400 
500 300 * 


AB 


2000 

3 


Considering BC as base and AB 
have for its area 


as altitude of the parallelogram, 


we 


c^c, MB, . (?|9) . (f!) . 

37,037 sq. yd. Ans, 


1. A wmdow glass is 4 ft. 2 in. by 2 ft. 10 in. Find its area 

e<ige4in“ ^ ^ of 
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3. A garden plot is to contain 200 sq. ft. If its length is to be twice its 
width, what should its dimensions be? 

4. Find the length of the diagonal of : (a) a square in terms of its edge a; (b) 
a rectangle in terms of its base b and its altitude h. 

6. Find the area of an equilateral triangle of side a. 

6. Express the area of a circle in terms of the diameter d. 

7. Write a formula for the circumference of a circle in terms of the 
diameter d. 

8. The official distance between home plate and second base in a baseball 
diamond is 120 ft. Find the area of the official ball diamond and the dis- 
tances between the bases. (The official ball diamond is in the form of a 
square.) 

9. A metal washer 1 in. in diameter is pierced by a f-in. hole. What is the 
area of one face of the. washer? 

10. A certain city block is in the form of a parallelogram. Two of its sides 
are each 421 ft. long; the other two sides are each 227 ft. in length. If the 
distance between the first pair of sides is 126 ft., find the 
area of the land in the block, and the length of the diagonals. 

11. The vertical end of a trough has the follo\\ing 
dimensions: width at top 4.4 ft., width at bottom 3.2 ft., 
depth 3.5 ft. Find the area of the end of the trough. 

12. A sail has a spread of canvas as shown in the 
figure. Find the surface area of one side of the sail. 

13 . A storage bin of circular base has 324 sq. ft. of 
floor space. Find the radius of the floor. 



The plane area shown in the figure con- 
sists of an isosceles trapezoid (non-parallel sides 
equal) and a segment of a circle. If the non-par- 
allel sides are tangent to the segment at points 
A and B, find the area of the composite figure. 



15. Find the area of the rectilinear 
figure shown, if it is the difference be- 
tween two isosceles trapezoids whose 
corresponding sides are parallel. 


16. The points C and D in the figure 
lie on level groimd in the same vertical 
plane with the tip B of the tower AB, 
If the tower AB is 300 ft. high and 
measurements give AiBi = 5 ft., CAi 
= 12 ft., A 2 B 2 = 6 ft., and A 2 D 8 
ft-, find the distance CD. 
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^ 17. The quarter-mile race track shown in the figure has parallel sides 
AB and CD, each 315 ft- long. If the ends are semicircles, find the area 



bounded by the track. If a race is run from S to D hy way of C, find 
the length of the race in yards, given that arc SC == Iv X arc AC. (1 mile = 


5280 ft.) 

18. Each of the four circles shown in 
the figure is tangent to the other three, 
(a) If the radius of each of the smaller 
circles is a, find the area of the largest 
circle. (5) It a — 2.71 what is the area of 
the largest circle? 

19. The base of an isosceles triangle is 
16 in. and the altitude is 15 in. Find the 
radius of the inscribed circle. 

:A'20. In the figure of Prob. 14 change the 
angle from 60® to 41® and then solve the 
problem- 



21. Show that, for the two triangles ABC and AXY (see figure), 


Area of ABC AB X AC 
Area of AXY ~ AX X Av‘ 
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LINES — PLANES — ANGLES 
4. LINES AND PLANES IN SPACE 

Def, 1. A plane is a surface such that a straight line joining any 
two points in it lies wholly in the surface. A plane is understood 
to be indefinite in extent, but is 
usually represented by a paral- 
lelogram lying in the plane. 

(See figure.) 

Solid geometry or geometry 
of space treats primarily of 
figures all of whose elements do 
not lie in the same plane. 

Axiom A. A finite number of planes do not contain all points in 
space. 

Postulate 1. Through three points not in the same straight line, 
one and only one plane can be passed. 

Postulate 2. If two planes meet they have at least two distinct 
points in common. 

Def. 2. Two parallel lines are lines that lie in the same plane and 
cannot meet however far they are produced, 

Def. 3. Two planes which do not intersect however far pro- 
duced are said to be parallel. 

Def. 4. A straight line and a plane are parallel if they canno*t 
meet, however far both are produced. 

A complete theory of solid geometry can be based on the axioms 
and theorems of plane geometry (see Appendix, §50) together 
with the axiom, postulates, and definitions just given. The follow- 
ing definitions and theorems are fundamental in Solid Mensuration. 

Def. 5. When we suppose a plane to be drawn through given 
points or lines, we are said to pass the plane through the given 
points or lines. 

Def. 6. When a straight line is drawn from a point to a plane, its 
intersection with the plane is called its foot. 

9 
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Bef . 7. A straight line and a plane are perpendicular if the line is 
perpendicular to every straight line drawn through its foot in the 
plane. A perpendicular to a plane is often referred to as a normal 
to the plane. 

Def. 8. The projection of a point on a plane is the foot of the 
perpendicular let fall from the point to the plane. 

Def. 9. The projection of a line on a plane is the locus of the 
projections of all its points. 

Def. 10. The angle which a line makes with a plane is the angle 
which it makes with its projection on the plane. 

Theorems 

1. If two planes intersect, their intersection is a straight line. 
Thus if planes M and N (see figure) 
intersect, their intersection AB is a 
straight line. 

2. A plane is determined (a) by a 
straight line and a point without that 
line, (Jb) by two intersecting straight lines, 
(c) by two parallel lines, 

3. Through one straight line any number of planes may be 
passed. 

4. The intersections of two parallel planes by a third plane are 
parallel lines. Thus in the case of the two parallel planes M and N 
cut by plane L, the intersections a and b are parallel lines. 





5. If two straight lines are parallel, a plane containing one, and 
y one, is parallel to the other line. Thus in the figure if the two 
aight lines AB and CD are parallel and if plane MN contains CD 
f is parallel to AB. 
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6. If a straight line is parallel to a 
plane, and another plane containing 
this line intersects the given plane, the 
intersection is parallel to the given line. 

Thus if line AB (see figure) is parallel 
to plane MN, and if plane AD con- 
taining AB intersects MN, the inter- 
section CD is parallel to AB. 

7. If parallel planes intersect 
two straight lines, the correspond- 
ing intercepts are proportional. 
Thus if the parallel planes 
LM, NPf and QR (see figure) 
intersect lines AB and CD, 
then 

C^ 

' FD^ 




8. Two straight lines that are parallel to a third straight line are 
parallel to each other. Thus if lines CD and EF (see figure) are each 
parallel to line AB, then CD is parallel to EF. 



9. If two angles, not in the same plane, have their sides parallel 
each to each, and extending in the same directions from their vertices, 
the angles are equal and the planes are parallel. Thus angle BAC in 
plane MN is equal to angle EDF in plane PQ and MN is parallel 
to PQ, if side AB is parallel to side DE and if side AC is parallel to 
side DF. 
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10. A straight line perpendicular to each of two straight lines at 
their intersection is perpendicular to the plane of the lines. Thus if 



line AF is perpendicular to lines BF and OF in the plane MN (see 
figure), AF is perpendicular to any other line in MN through F and 

so is perpendicular to the plane ilf JV*. 

11. If two planes are perpen- 
dicular to a third plane, their in- 
tersection also is perpendicular to 
that plane. Thus in the case of 
the two planes M and N which 
are perpendicular to a third plane 
L their intersection is perpen- 
dicular to plane L. 

12. All the perpendiculars that can he 
drawn to a straight line at a given point lie 
in a plane which is perpendicular to the line 
at the given point (see figure). 

13. If one of two parallel lines is perpen- 





dicular to a plane, the other is also. 

14, Two straight lines perpendicular 
to the same plane are parallel. 

16. Two planes perpendicular to the 
same straight line are parallel. Thus if 
planes ikf andiV (see figure) are each per- 
pendicular to line AB, they are parallel. 

16. A straight line perpendicular to 
perpendicular to the other also. 
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5. TYPICAL PROOFS OF SOLID GEOMETRY 

We shall now demonstrate two of these theorems to illustrate the 
type of proof met in solid geometry. 

3. Through oue straight Hue any number of planes may he passed. 

Analysis. Let AB in the figure be a straight line. By Axiom A 
there is a point outside AB. By Theorem 2 this point together 
with the line determines a plane. By Axiom A there is a point 



outside this plane. This point together with the given line deter- 
mine a second plane. By Axiom A there is a point outside these 
two planes. This point together with line AB determine a third 
plane. The proof applied to establish the existence of each of these 
three planes may be repeated indefinitely to show that any number 
of planes may be passed through the line AB. 

10, A straight line perpendicular to each of two straight lines at 
their intersection is perpendicular 
to the plane of the lines. 

Analysis. Given line AF per- 
pendicular to lines BF and CF 
at F; plane MN containing BF 
and CF. In plane MN draw BC ; 
draw also DF from F to any point 
D in BC. Prolong AF to X, 
making FX — AF, and draw AB, 

AD, AC, BX, DX, CX. 

BF and CF are perpendicular bisectors of AX (Hyp. and Const.) 

In A ABC and BXC, AB = BX and AC -= CX, (51) ** 

BC = BC. 

Therefore A ABC = Z\BXC. (35) 

* These references refer to ** References from Plane Geometry/^ Appendix, 
§50. 
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Also in A ABD and BXD, angle ABC = angle CBX, 

BD = BD, 

(46) 

(?) 

and 

AB = BX. 

(?) 

Therefore 

l^ABD ^ AxBXB. 

(34) 

Therefore 

AD - DX. 

(?) 

Hence 

DF is perpendicular to AX. 

(62) 


That is, 

-4F is perpendicular to all lines in MN through F, 
Therefore 

AF is perpendicular to plane MN. (Def. 7) 


EXERCISES 


1. How many planes can be passed through two points? Through three 
points in the same straight line? 

2. Do any two planes intersect? Explain. 

3. Hold a piece of chalk parallel to the blackboard, so that its shadow falls 
on the blackboard. Is this shadow parallel to the chalk? Why? 

4. If two lines are perpendicular to a third line are they necessarily in the 
same plane? Are the two lines necessarily parallel? Why? 

6. When wiU a line on the ceiling be parallel to a line on the floor? 

6. What information can the mason or the surveyor obtain from a plumb 
bob? Does he obtain this information when the bob is swinging or when it is 
at rest? 

7. Considered as lines, why are the spokes of a wagon wheel perpendicular 
to the axle? 


8. How many planes are determined by four fixed points not all in one 
plane? 

9. If three lines are perpendicular to the same plane are they necessarily 
parallel? 

10. Find the length of the projection of a 5-ft. rod, inclined at an angle of 
(o) 60°; (6) 30°; (c) 45°; ★(d) 37°; ★(£) 42° 15'. 

11. Four points in space A, B, (7, D, are joined by four 
lines which are then bisected- Show that » the four lines 
joining (in order) the four midpoints of the first lines form a 
parallelogram. 

HiTit. Pass plane DP (see figure) through points A, D, 

B, and plane DX through points B, C, D — these planes 
intersecting in BD. ST is. parallel to BD and = fBD. 

12. A street light is 15 ft. directly above the curb. A man 6 ft. tall starts 
10 ft. down street from the light and walks directly across the street which is 
10 ft. wide. When he reaches the opposite curb, what is the distance between 
the initial and final positions of the tip of his shadow? 
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X - 6. ANGLES 

Def. 11. A dihedral angle is the amount of divergence of two 
intersecting planes. The edge of the dihedral angle is the line of 
intersection of the planes. The /aces of the dihedral angle are the 
planes. The intersecting planes AG and ED form the dihedral 
angle whose edge is EG^ which is designated A-GE~D; or, when 
there is only one dihedral angle at the edge, the angle EGi^ 



Def. 12. The plane angle of a dihedral angle is the angle formed 
hy two straight lines, one in each face, and perpendicular to the 
edge at the same point. If PM is in plane AG and perpendicular 
to EG, and PN is in plane ED and perpendicular to EG at P, the 
angle MPN is the plane angle of the dihedral angle EG. 

17. The plane angle of a dihedral angle is taken as the measure of 
the dihedral angle. 

Def. 13. Two planes are perpendicular to each other if they form 
a dihedral angle whose plane angle is a 
right angle. 

18. Every point in a plane bisecting 
a dihedral angle is equally distant from 
the faces of the angle (see figure). 

Def. 14. If three or more planes 
meet at a point, they form a polyhedral 
angle. The opening partially sur- 
rounded by the planes is the polyhedral 
angle. The point common to all the 
planes is the vertex. The planes are the faces. The intersec- 
tions of adjacent faces are the edges. The angles formed at 
the vertex, by adjacent edges, are the face angles. The angles 
made by the planes, at the edges, are the dihedrals of thepoZy- 
hedral. 
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Thus, V— ABODE is a polyhedral angle; V is the vertex; ^F, BV, 
etc., are edges; planes LVMj MVN, etc., are faces; angles AVB, 
BVC, etc., are face angles. 



EXERCISES 

1. Show that the angle between the normals drawn to the faces of a dihedral 
angle from a point within the angle is the supplement 
of the plane angle of the dihedral an^e. 

2. Show that, if, from any point P in a face of a 
dihedral angle (see figure), a normal is drawn to each 
face, the plane PAB of these normals is perpendicular 
to the edge of the dihedral angle ON. 

3. Show that if from any point P in a face of a 
dihedral angle (see figure) a normal is drawn to each 
face, the angle APB between these normals is equal to the plane angle A CP of 
the dihedral angle. 



GENERAL EXERCISES 

1. How can two pencils (representing lines) be held so that a plane can be 
passed containing both; so that no plane can be passed containing both? 

2. What is meant by the statement, “ Two planes determine a line ”? 
Is this universally true? 

3. Can a plane intersect two planes that are not parallel so that the inter- 
sections are parallel? Illustrate yoiu answer by passing a plane through the 
edges of an open book. How must this plane be passed so that the inter- 
sections are parallel lines? 

4. If two lines do not intersect, can a third line be drawn perpendicular to 
them? 

6. Why are the comer edges of a building perpendicular to the plane of a 
level street? 

6. How many positions can a lightning rod erected at a point’ occupy with- 
out being vertical? How many positions may it assume and be vertical? 

7. In erecting a vertical column a carpenter may use a carpenter’s square 
to make certain that the colunm is perpendicular to the floor. In how many 
different positions must he place the square against the column to ascertain 
whether it is vertical? Why? 
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8. Can a line be perpendicular to both of two planes if they are not paral- 
lel? 

9, Can one line be perpendicular to two other lines that intersect? Ex- 
plain. 

10. A pole 26 ft. long leans against a wall at a point 
10 ft. from the ground. What is the length of the projec- 
tion of the pole on the ground? 

11. Show that if, from the foot of a perpendicular to 
a plane, a line is drawn normal to any line in the plane, 
the line connecting this point of intersection with any 
point in the perpendicular is normal to the line in the plane. 

Hint. Draw AB perpendicular to plane RS, BC perpendicular to DE in the 
plane, and PC from (7 to P, in AB. Take CD = CE; draw PD, PE, BD, BE. 




CHAPTER III 

SOLIDS FOR WHICH V Bh 
7. INTRODUCTION 

In this chapter we discuss certain solids, develop formulas for 
finding their volumes and surface areas, and apply these formulas 
in the solution of various practical problems. In general, the stu- 
dent will use but a single new formula in the mensuration of the 
volumes of these solids. 

8. SOLIDS — SECTIONS 

A solid is any limited portion of space, bounded by surfaces. 

A section of a solid is the plane figure cut from the solid by pass- 



ing a plane through it. Thus, in the case of the solid shown, plane 
M cuts from the solid the section ABODE. 

A 'polyhedron is a solid hounded by planes. 

The edges of a polyhedron are the intersections of the bounding 
planes. 



The /aces are the portions of the bounding planes included by the 
edges. The faces are polygons. 

The vertices are the intersections of the edges 
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9. CUBE 

Definition. A cube is a polyhedron whose six faces are all sqtiares. 

Properties 

1. The three dimensions of a cube are equal to each other. 
Therefore, all edges are equal. 

2. All the faces of a cube are con- 
gruent squares. 

Formulas 

The total area of a cube is equal 
to the sum of the areas of its faces. 

Total area — 6 (area of one face). 

T = 6a\ 

The volume of a cube is equal to the cube of its edge. 

Volume = (edgeY. 

V = a3. 

Surface analysis. Each of the six faces of a cube is a square of 
edge a. Since the area of one face is a^, the total area of the cube 
is 

Volume analysis. The volume of a solid is the number of times it 
{contains a given solid which is chosen arbitrarily as the unit of volume. 
A cube whose edge is a linear unit, as one inch or one foot, will be 
taken as the unit of volume. We shall assume that the volume of a 
cube is the product of its three dimensions. Hence the volume of a 
cube of edge a is a^. 

Example 1. A glass factory has an order for 1000 glass paper 
weights. Each is to be in the form of a cube. If this order requires 
8000 cu. in. of glass, what is the surface area of one of the paperweights? 

Solution. Let V be the volume of one of the cubes. Then 

1000 U = 8000, or F = 8. (a) 

But in terms of an edge a 

V = aK (b) 

Equating the values of V from equations (a) and (6), we obtain 
a® = 8, or a = 2, 

whence 

== 6a2 = 6(2)2 = 24 sq. in. Ans. 
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Example 2. A cube of edge a is cut by a plane containing two 
diagonally opposite edges of the cube. Find the area of the section 
thus formed. 

Solution. Through the cube pass a plane con- 
taining edges AD and BC, forming the section 
ABCD shown in the figure. Consider AB as base 
of ABCD and BC as altitude. Applying the Pythag- 
orean theorem to right triangle ABB, we have 

AB = Vo® + o2= a Vi. 

The area of rectangle ABCD is 

AB X BC ^ (a Vi) (a) = Vi. Ans. 



PROBLEMS 

1. Find the length of the diagonal of the section ABCD (diagonal of the 
cube) in Ex. 2. 

2. How much material was used in the manufacture of 24,000 celluloid 
dice, if each die has an edge of i in.? 

3. Plato (429-348 b.c.) was one of the first to discover a solution to that 
famous problem of antiquity, the duplication of a cube, i.e., the finding of the 
edge of a cube whose volume is double that of a given cube. 

One legend asserts that the Athenians, who were suffering from a plague 
of typhoid fever, consulted the oracle at Delos as to how to stop the plague. 
Apollo replied that the Delians would have to double the size of his altar, 
which was in the form of a cube. A new altar was constructed having its 
edge twice as long as that of the old one. But the pestilence became worse 
than before, whereupon the Delians appealed to Plato. Given that the side 
of the altar was 8 ft., find, accurate to five figures, the edge of the required altar. 

4. Show that (a) the total surface of a cube is twice the square of its 
diagonal, (b) the volume of a cube is i Vs times the cube of its diagonal. 

5. What is the weight of a block of ice 24 in. by 24 in. by 24 in., if ice weighs 
92 per cent as much as water, and water weighs 62.5 lb. per 

cu. ft.? 

^ 6. Find the volume and total area of the largest cube of 

wood that can be cut from a log of circular cross section 
whose radius is 12.7 in. (See sketch.) 

7. A vegetable bin built in the form of a cube with an 
edge of 6 ft. is divided by a vertical partition which passes 
through two diagonally opposite edges. Find the lateral surface of either 
compartment. 

W 8. Imagine a cube measuring 3 imits on an edge, and having its total sur- 
face area painted blue. Without the aid of a figure, answer the following 
questions. 

(A) How many times must you cut completely through the cube to make 
cubes which measure 1 unit on an edge? 
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(B) How many of the cubes of question {A) will have 

(а) Three blue faces? 

(б) Two blue faces? 

(c) One blue face? 

(d) No blue face? 

iC) How many cubes are there in all? 

(Z>) How many times must you cut completely through one of the cubes 
of (a) to make cubes which measure | unit on an edge? 

{E) Answer questions (R) and (C) with reference to the cubes of (D). 

9. The plane section ABCB shown in the figure is cut from a cube of edge cr- 
Eind the area of this section if D and C are each 
at the midpoint of an edge. 

^ 10. Find the area of a triangle whose vertex 

is at the midpoint of an upper edge of a cube 
of edge a and whose base coincides with the 
diagonally opposite edge of the cube. 

11. If a cube has an edge equal to the diag- 
onal of another cube, find the ratio of their 
volumes. 

12. One cube has a face equivalent to the 
total area of another cube. Find the ratio of 
their volumes. 

13. Pass a plane through a cube so that the section formed will be a regular 
hexagon. If the edge of the cube is 2 units, find the area of this section. 

★14. In Prob. 9 find the angle which the section ABCD makes with the lower 
base of the cube. 



10. RECTANGULAR PARALLELEPIPED 

Definition. A rectangular parallelepiped is a polyhedron whose six 
faces are all rectangles. 



1. The parallel edges of a rectangular parallelepiped are equal. 

2. The opposite lateral faces of a rectangular parallelepiped are 
equal and parallel. 

3. Any two opposite faces of a rectangular parallelepiped may 
be taken as the bases. 
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4. Every section of a rectangular parallelepiped made by a plane 
parallel to the base is equal in area to that of the base. 

Formulas 

The total area of a rectangular parallelepiped is equal to the sum 
of the areas of the faces. 

Total area == sum of the areas of faces. 

T ~ 2 (ah + he + ca). 

The volume of a rectangular parallelepiped is equal to the 
product of the base and the altitude. 

Volume = base X altitude. 

V ~ ahc. 

Surface analysis. Since each face of a rectangular parallele- 
piped is a rectangle whose area is the product of its edges and since 
the opposite faces are equal, the total area of the rectangular 
parallelepiped with edges a, 5, and c is 2 (ah -{- be + ca). 

yoltune analysis. Consider the rectangular parallelepiped 
whose dimensions are respectively 2, 3, and 4 units (see figure). 

Pass planes parallel to the faces of 
the solid, dividing the edges into 
segments one unit long as shown. 
These planes divide the solid into 
2 layers of 12 congruent cubes 
each, making 3 X 4 X 2 = 24 unit 
cubes in all. Hence the unit of volume is contained 24 times 
in the rectangular parallelepiped. This number (24) may be 
obtained by multiplying together the three dimensions of the rec- 
tangular parallelepiped or by multiplying its base by its altitude. 
When this argument is extended to cover rectangular parallelepi- 
peds of various dimensions, we are led to the following conclusion: 

The volume of a rectangular parallelepiped is the product of its three 
dimensions, or the product of its base and its 
altitude. 

Example 1. A storage room has a rectangu- 
lar floor 7 6 ft. by 42 ft. The walls are vertical 
and 20 ft. high. If there are no windows, find 
the total area of the ceiling, walls, and floor, 
space of the room. 
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Solution. The space occupied by the room is a rectangular parallele- 
piped as shown in the figure. 

(а) The total surface of a parallelepiped is found by using the 
formula 

T — 2 {ah -f- ac -{- he). 

Taking a 42, h — 76, c = 20, and substituting in this formula, we 
obtain 

T = 2[(42)(76) + (42) (20) + (76) (20)], 
or 

T — 11,104 sq. ft. Ans. 

(б) The storage space of the room is the volume of the parallele- 
piped. The volume of a parallelepiped is found by using the formula 

V = Bh. (a) 

Consider the area of the floor as base B and the height of the room as 
altitude h. Substituting B == (42) (76) and A = 20 in formula (a), 
we get 

V = (42) (76) (20) = 63,840 cu. ft. Ans. 

Example 2. Given a rectangular parallelepiped with base a by 6 
and altitude c. Find the area of a section which contains two diago-^ 
nally opposite edges of the parallelepiped. 

Solution. Through the given paral- 
lelepiped pass a plane containing the two 
diagonally opposite edges GD and BC, 
forming the section GBCD shown in the 
figure. This section is a rectangle of 
base GB and altitude BC = c. Since GB 
is the hypotenuse of right triangle GFB 
(see figure), we apply the Pythagorean theorem to this triangle and 
find the length of GB to be 

GB = Va“ + b\ 

The area of rectangle GBCD is 

A = RC X GB. 

Substituting BC = c and GB 's/a^ -|- 6^ in this equation, we obtain 
A — A" Ans. 

★Example 3. Solve Ex. 2 if a = 2.46 in., h 8.68 in., and c == 
3.71 in. 
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Solution using the slide rule or tables. Let angle FOB = 6, and write 

^ 2.46 

tan d = — 

from w’hich we find 6 — 15° 51'. By applying the law of sines to the 
triangle GFB or by using the equation 

GB = 2.46 CSC d, 

we obtain = 9.02. Whence A = (3.71) (9.02) = 33.5 cu. in. Ans. 

PROBLEMS 

1. Counting 38 cu. ft. of coal to a ton, how many tons will a coal bin 19 ft. 
long, 6 ft. wide, and 9 ft. deep contain, when level full? 

2. Compute the cost of the lumber necessary to resurface a foot-bridge 
16 ft. wide and 150 ft. long with 2-in. planks, if lumber is $40 per 1000 board 
feet. Neglect waste. (One board foot = 1 ft. by 1 ft. by 1 in.) 

3 . Building bricks are closely stacked in a pile 7 ft. high, 36 ft. long, and 
12 ft. wide. If the bricks are 2 in. by 4 in. by 9 in., how many bricks are in 
the pile? 

4. A packing box 2.2 ft. by 4.9 ft. by 5.5 ft. is to be completely covered 
with tin. How many square feet of the 
metal are needed? (Neglect waste for 
seams, etc.) 

6. How many cubic yards of material 
are needed for the foundation of a barn 
40 by 80 ft., if the foundation is 2 ft. thick 
and 12 ft. high? 

6. A tank, open at the top, is made of sheet iron 1 in. thick. The internal 
dimensions of the tank are 4 ft. 8 in. long; 3 ft. 6 in. wide; 4 ft. 4 in. deep. Find 
the weight of the tank when empty, and find the weight when full of salt water. 
(Salt water weighs 64 lb. per cu. ft., and iron is 7.2 times as heavy as salt water.) 

7 . The edges of a trunk are 3 ft., 4 ft., 6 ft. A second trunk is twice as 
long; the other edges are 3 ft., 4 ft. How do their volumes compare? 

8. An electric refrigerator is built in the form of a rectangular parallele- 
piped. The inside dimensions are 3 ft. by 2. 6 -ft. by 1.8 ft. A freezing unit 
(1.1 ft. by 0.8 ft. by 0.7 ft.) subtracts from the 
storage room of the box. Find the capacity of 
the refrigerator. 

9. A solid concrete porch consists of 3 steps 
and a landing. The steps have a tread of 11 
in., a rise of 7 in., and a length of 7 ft.; the 
landing is 6 ft. by 7 ft. How much material 
was used in its construction? 

10. Imagine a block of wood to measure 2 ft. by 3 ft. by 4 ft. and to have 
its total surface area painted blue. Without the aid of a figure, answer the 
following questions; 
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(A) How many times must jmu cut completely through the block to make 
cubes which measure 1 ft. on an edge? 

(B) How man\" of the cubes of question (A) will have 

(a) Three blue faces? 

(b) Two blue faces? 

(c) One blue face? 

(d) Xo blue face? ■ 

(C) How many cubes are there in all? 

11. Find the length of the diagonal of the parallelepiped considered in 
Ex. 2. Hint. This is the diagonal of the section GBCD. 


12. In the figure is shown a rec- 
tangular parallelepiped whose dimen- 
sions are 2, 4, 6. Points A, R, C, E, 
E, and L are each at the midpoint of 
an edge. Find the area of each of the 
sections ABEF, ABC^ and MNL, 


★13. The figure represents a rectangu- 
lar parallelepiped; AD = 20 in., AH = 
10 in., AE = 15 in. (a) Find the num- 
ber of degrees in the angles AFB, BFO, 
AFO, BOF, AOF, OFC, (b) Find the 
area of each of the triangles ABO, BOF, 
AOF. (c) Find the perpendicular dis- 
tance from B to the plane AOF. 


Find the angles that the diagonal of a rectangular parallelepiped 2 in. 
by 3 in, by 4 in. makes with the faces. 



11. CAVALIERI’S THEOREM 

In this article we shall discuss a very important theorem known 
as Cavalieri’s theorem. Later we shall see that this theorem is the 
basis of the analyses of the volumes of most of the solids considered 
in this book. 

So as better to understand Cavalieri’s theorem let us, before 
stating it, consider a pile of uniform cards stacked in the form 
of a rectangular parallelepiped as shown in Fig. (a). This pile 
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may be distorted into the forms of various irregular solids such 

as the one shown in Fig. 





(5). Obviously the volume 
of the pile has not been 
changed. 

Now consider a second 
pile of cards of such size 
that it is possible to stack 
them in the form of the solid 
shown in Fig. (c). Here 
again we may distort this 
pile into the forms of vari- 
ous irregular solids such as 
the one shown in Fig. (d), 
without changing its vol- 
ume. 

The cards need not be of 
the same shape in order to 
afford piles of equal volume. 
For a pile consisting of 100 
square cards would have 
the same volume as a pile 
of 100 circular cards [see 
Figs, (e) and (/)] of the same 
area and thickness. 
Cavalieri’s Theorem. If in two solids of equal altitude the sec- 
tions made by planes parallel to and at the same distance from 
their respective bases are always equal, the volumes of the solids 
are equal. 



Consider the two solids of equal altitude h shown in the figure. 
Let A and A' denote corresponding sections which are parallel 
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to and at the same variable distance y from their respective bases. 
If ^ ~ A' the volumes of the two solids are equal. 

A proof of Cavalieri’s theorem will be found in the Appendix^ 
§49. 

12. VOLUME THEOREM 

Theorem. If the bases of a solid are equal in area and lie in 
parallel planes and every section of the solid parallel to the base is 
equal in area to that of the base^ the volume of the solid is the product 
of its base and altitude. 

Analysis. Consider the solid CD shown in the figure. Let the 
bases of this solid lie in parallel planes, and every section parallel 
to the base be equal in area to the area of the base. 



Construct the rectangular parallelepiped C'D' with a base and 
altitude respectively equal to the base and altitude of the given 
solid. Place these soHds so that their lower bases lie in the same 
plane. Pass a plane parallel to and distant y from the lower bases 
of the solids cutting the given solid in section A and the parallele- 
piped in section A'. Denote the altitude of each solid by hj the 
base of the given solid by B, and the base of the parallelepiped 
by B'. In solid CD we are given 

A = B, 

and by Property 4, §10, A' = B\ 

But by construction B — B\ 

Therefore A = A'. 

Since the altitude of each solid is h and since A = A', it follows 
from Cavalieri^s theorem that the volume of solid CD equals the 
volume of the parallelepiped. But the volume of the parallele- 
piped is B'/i = Bh, Therefore the volume of solid CD is Bh. 
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PROBLEMS 

1. The solid represented in the figure has square 
bases of edge a in parallel planes and every section of 
the solid parallel to the bases is a square of edge a. 

If its altitude is h, find its volume. 

2. A rectangle a by b moves with one of its points 
on the circumference of a semicircle of radius a, and 
keeps perpendicular to the bounding diameter of the 
given semicircle. Find the volume of the solid it 

3. A kite is in the form of an equilateral triangle of edge 3 ft. During one 
part of its flight its center moves on a straight line while the kite remains 
parallel to its first position. If the distance be- 
tween the planes of the first and last positions of 
the kite is 100 ft., find the volume swept out by 
the kite during this part of its flight. 

4:. The solid shown in the figure has bases 
which lie in parallel planes. Each base is a 
circle of radius a, and every section parallel to 
the bases is also a circle of radius a. If the dis- 
tance between the bases of the solid is A, write 
a formula for its volume. 

13. PRISM 

Definition. A prism is a polyhedron of which two faces are < 
polygons in parallel planes, and the other faces are parallelograms. 






Properties 

1. The bases are the^^iSait^polygons; the lateral area is the 
sum of the areas of the remaining faces. 

2. The intersections of the lateral faces are called the lateral 
edges. These lateral edges are equal and parallel. 

3. The sections of a prism made by parallel planes cutting all 
the lateral edges are cq^ m k polygons. 
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4. The altitude of a prism is the perpendicular distance between 
the planes of its bases. 

5. A right section of a prism is a section perpendicular t o the 

lateral edges . ^ 

6. A 7'ight prism is a prism whose lateral edges are perpendic- 
ular to its bases; its lateral faces are rectangles. 

Unless othermse stated, in this book when we use the term 
cross section we mean right section. 


Formulas 

The lateral area of a prism is equal to the product of a lateral 
edge and the perimeter of the right section. 

Lateral area = lateral edge X perimeter of right section. 

S = epj,. 

The volume of a prism is equal either to the product of a base and 
the altitude, or to the product of a right section and a lateral edge. 

Volume = base X altitude. 

V = Bh. 

Volume = right section X lateral edge. 

V = Ke. 

Surface analysis. Each lateral face of a prism is a parallelo- 
gram whose area is equal to the product of its base e (edge of 
prism) and its altitude. This altitude is a side of the right section. 
Since the sum of all the altitudes of the faces equals the perimeter of 
the right section, the lateral surface 
S (the areas of all the lateral faces) 
equals the perimeter p* of the right 
section times the edge e. 

Volume Analysis. Since the bases 
of a prism are equal in area and lie 
in parallel planes, and since by Prop- 
erty 3 the area of every section 
parallel to the base is equal to that of 
the base, it follows from the V olume theorem (§12) that V = Bh. 

With the aid of the accompan 3 dng figure the student should 
satisfy himself as to the truth of the formula 

V = Ke. 
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The usual proof consists essentially in passing the planes CB 
and C'B' perpendicular to the edge CC' and then showing that the 
solids CAB and C'A'B' are congruent. 

Example. A masonry dam 40 ft. high has a uniform 
vertical cross section as shown in the figure. The dam is 
80 ft. long and its material weighs 125 lb. per cu. ft. Find 
the weight of the dam. 

Solution, The dam is in the form of a prism of altitude 
80 ft. with trapezoidal bases. The area of one base is the 
area of a trapezoid whose bases are 4 ft. and 16 ft. and whose altitude 
is 40 ft- Hence its area is 

B = (40) = 400 sq. ft. 

The volume of the prism is 

V Bh = (400) (80) = 32,000 cu. ft. 

Since the masonry weighs 125 lb. per cu. ft., the weight of the dam is 
W = 125F = (125) (32,000) = 4,000,000 lb. Ans, 

PROBLEMS 

1. Let B denote the area of the base of a prism and S the lateral surface; 
then write a formula for the total surface of a prism. 

2. Write a formula for (a) the volume, (6) the total area, of a right prism 
whose altitude is A and whose base is a square of edge a. 

3. A lead pencil whose ends are regular hexagons was cut from a cylindrical 
piece of wood, with the least waste. If the original piece was 8 in. long and 
i in. in diameter, find the volume of the pencil. 

4. Show that every section of a prism made by a plane parallel to its lateral 
edges is a parallelogram. 

6. The lateral surface of a concrete octagonal pier of height 10 ft. is to be 
resurfaced. If each of the base edges is 1 ft., how many square feet of surfacing 
will be required? 

6. One part of a quartz crystal is a hexagonal prism with a right section of 
1.29 sq. in., an edge of 2.31 in., and a base of 1.41 sq. in. Find the altitude of 
the prism. 

7. A trench is ISO ft. long and 12 
ft. deep, 7 ft. wide at the top and 4 ft. 
at the bottom. How many cubic 
yards of earth have been removed? 

8. A trough is formed by nailing 
together, edge to edge, two boards 
11 ft. in length, so that the right sec- 
tion is a right triangle. If 15 gal. of water are poured into the trough and if 
the trou^ is held level so that a right section of the water is an isosceles right 
triangle, how deep is the water? (231 cu. in. == 1 gal.) 
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9 . A contractor agrees to build a dam, 180 ft. long and 20 ft. high, 12 ft. 
wide at the bottom and 8 ft. wide at the top, for $9.75 a cubic yard. Find 
his profit if his costs were $10,000. 

10. (a) Find the volume of water in a swimming pool with vertical ends and 
sides. The length measured at the water line is 50 ft. and the breadth is 
20 ft. The bottom of the swimming pool is a plane sloping gradually down- 
ward so that the depth of the water at one end is 4 ft. and at the other 
end is S ft. 

(6) If the sides, ends, and bottom of the swirnming pool axe constructed of 
tile blocks w^hose glazed surface dimensions are 3 in. by 6 in., and if the ends 
and sides of the pool extend 2 ft. above the water level, find the number of 
blocks used if ^ of the surface area is covered by sealing material. 


11 . A football stand 150 yd. long has 
20 tiers of seats; each tier has a rise of 
2 ft. and tread of 3 ft. It is constructed 
of reinforced concrete with a cross sec- 
tion as shown. Find the amoimt of ma- 
terial used in its construction. 

12 . A railway cut 200 ft. long and 30 
ft. wide at the bottom is made with 
sloping sides, which are 80 ft. and 60 ft. 
in length. The 80-ft. side is inclined 45° 
and the other side*is inclined 30° to the 
horizontal. Find the cost of removing 
the earth at $2 per load, if the trucks 
have a capacity of 4 cu. yd. 

13 . The Pennsylvania Railroad found 
it necessary, owing to land slides upon 
the roadbed, to reduce the angle of in- 
clination of one bank of a certain railway 
cut near Pittsburgh, Pa., from an original 
angle of 45° to a new angle of 30°. The 
bank as it originally stood was 200 ft. long 
and had a slant length of 60 ft. Find the 
amount of the earth removed, if the top 
level of the bank remained imchanged. 

14 . The trough shown in the figure 
has triangular ends which lie in parallel 
planes. The top of the trough is a hori- 
zontal rectangle 20 in. by 33 in., and the 
depth of the trough is 16 in. (a) How 
many gallons of water will it hold? 

(6) How many gallons does it contain 
when the depth of the water is 10 in.? 

(c) What is the depth of the water 
when the trough contains 3 gal.? 

(d) Find the wetted surface when the de] 



of the water is 9 in. (One gal. = 


231 cu. in.) 
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If in Prob. 13 the angle of inclination of the bank was reduced from 40° 
to 25° find the amount of earth removed. 

★16. A dam 100 ft. long has a cross section which is a trapezoid whose alti- 
tude is 16 ft- and whose upper base is 5 ft. If the lower base angles of the cross 
section are 50° and 65°, find the volume of material the dam contains. 

★17. Show that in any prism the area of a right section is equal to the product 
of the base and the sine of the angle between a lateral edge and the base. 
(This relation is used in connection with the reflection of light through prisms.) 

14. CYLHSTDRICAL SURFACE 

Definition. A cylindrical surface is a surface generated by a 
moving straight line (^generator) which is always parallel to a fixed 
line, and which always intersects a fixed plane curve (directrix) not 
in the plane with the fixed line. 




Properties 

1. An element of a cylindrical surface is the generator in any 
particular position. 

2. If the directrix of a cylindrical surface is a closed curve, the 
surface is closed. 

3. Any line, not an element, tangent to any curve on a cylin- 
drical surface is tangent to the surface. 

4. A plane is tangent to a cylindrical surface if it contains an 
element of the cylindrical surface and a line tangent to the surface. 

15. CYLINDER 

Definition. A cylinder is a solid hounded by a closed cylindrical 
surface and two parallel planes. 

Properties 

1. The boimding cylindrical surface of a cylinder is called the laU 
eral surface, and the two bounding parallel planes are called the bases. 
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2. The bases of a cylinder are equal. 

3. The altitude of a cylinder is the perpendicular distance be- 
tween the bases. 

4. The sections of a cylinder made by two parallel planes, 
neither of which cuts a base and both of which cut an element, are 
congruent. 

6. Every section of a cylinder parallel 
to the base has an area equal to that of 
the base. 

6. The section of a cylinder which con- 
tains an element of the cylinder and a 
point of the cylindrical surface not in this 
element is a parallelogram. This section 
contains the element through the given 
point. 

7. The elements of a cylinder are equal. 

8. A right section of a cylinder is a section perpendicular to all 
elements of the cylinder. 

9. If the bases of a prism are inscribed in the bases of a cylinder, 
^ and the lateral edges of the prism!^re elements of the cylinder, the 

prism is said to be inscribed in the cylinder. 

10. If the bases of a prism are circumscribed about the bases of 
a cylinder, and the lateral edges are parallel to the elements of the 
cylinder, the prism is said to be circumscribed about the cylinder. 

Formulas 

The lateral area of a cylinder is equal to the product of the 
perimeter of a right section and an element. 

Lateral area — perimeter of right section X element. 

S = pj^e. 

The volume of a cylinder is equal either to the product of a base 
and the altitude, or to the product of an element and a right sec- 
tion. 

Volume = base X altitude, 

V = Bh. 

V olume = right section X element, 

V = Ke. 
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Surface analysis. Imagine the lateral area of a cylinder slit 
along an element and then spread out fiat as shown in the figure. 

It thus becomes a plane figure having 
two parallel sides of length e. Since 
each element of the cylinder is perpen- 
dicular to the right section K, the dis- 
tance between the parallel sides of the 
developed surface is the perimeter 'p^ 
of section K. Each of the other sides 
is formed by unrolling the perimeter of 
a base of the cylinder. Hence these 
sides are equal curves. Any point on 
one of them is distant e from the corresponding point on the other. 
Since from these considerations it is evident that area ABOD 



equals area the lateral area of the cylinder is equal to the 

area of rectangle ACC^A\ Therefore S — 

Volume analysis. Since the bases of a cylinder are equal in area 
and lie in parallel planes, and since by Property 5 the area of every 
section parallel to the base is equal to that of the base, it follows 
from the Volume theorem (§12) that V — Bh, 

It is left to the student to show as in the case of the prism that 
for a cylinder V = Ke also. 

Example. A vertical stone column 12.5 ft. high has an elliptical base 
with the longer axis twice the shorter. If the weight 
of the column is 12,400 lb. and if the stone weighs 160 
lb. per cu. ft., find the area of the largest axial section 
of the column - 

Solution. We first find the area of the elliptical 
base by means of the formula for an ellipse (see §3), 

A = irahj 
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where a and h are the dimensions shown in the figure. In this example 
h = a/2. Hence 



Substituting B — 



and h — 12.5 in the formula for the volume of a 


cylinder 


we get 


V = Bh, 

y - (s!) (12.5). 


(a) 


But the volume of the column is also equal to the weight of the column 
divided by the weight of the stone per cubic foot. Therefore 


12,400 

160 


(b) 


Equating the values of V from equations (a) and (6), we have 


12,400 

160 


(?) 


from which we obtain 


(12,400) (2) 
(160) (12.5)w 


1.9867 ft. 


Through the axis of the cylinder pass a plane 
containing the larger axis of the elliptical base to 
form the axial section ABCD shown in the figure. 
This section is a rectangle of base 2a and altitude 
12.5, Its area is 



(2a) (12.5) = (2) (1.9867) (12.5) = 49.668 sq. ft. Ans. 


PROBLEMS 

1. Find the area of the smallest axial section of the column considered in 
the example of this article. 

2. Prove that every section of a cylinder made by a plane containing two 
elements is a parallelogram. 

3. During a rain, J in. of water fell. 

Find how many gallons of water fell on a 
level 10-acre park. (Take 1 cu. ft. = 7.48 
gal., 1 acre = 43,560 sq. ft.) 

4. An ice-storage plant removed from 
the center of a pond a mass of ice covering an area of 2 acres. If the ice 
had a uniform thickness of 2 ft., find the weight in tons of the ice removed. 
(Ice weighs 56 lb. per cu. ft.; 1 ton = 2240 lb.) 





36 


SOLIDS FOR WHICH V = Bh 


[Chap. Ill 


5. The average depth of a lake is estimated to be 40 ft. If the surface 
area is 15 acres, find the volume of water in the lake. 

6. An indoor roller-skating rink with an area of 1500 sq. yd. has a concrete 
fiooring 3 in. thick. Find the amount of concrete used in laying the floor. 

7. The outer protective smokestack of a steamship is streamlined so that 
it has a uniform oval section parallel to the deck. The area of this oval 
section is 48 sq. ft. If the length of the stack is 15 ft. and the stack is raked 
aft so that its axis at its upper end is horizontally 4.2 ft. from the lower end, 
find the volume enclosed by the stack. (Raked means inclined.') 

8. The crown of a straw hat has a base of 38 sq. in. The depth of the 
crown is 3 in. (Inside dimensions are given.) If the head occupies two- 
thirds of the space enclosed by the crown, find the volume remaining for 
ventilation. 

9. Find the volume of the largest cylinder with circular base that can be 
inscribed in a cube whose volume is 27 cu. in. 

10, A cylinder whose base is a circle is circumscribed about a right prism of 
altitude 12.6 ft. Find the volume of the cylinder if the base of the prism is 
(a) a square of edge 3 ft., (5) a rectangle 3 ft. by 4 ft., (c) an equilateral triangle 
of side 4 ft., (d) an isosceles triangle of sides 3 ft., 3 ft., and 2 ft. 

★11. Solve Prob. 7 if the length of the stack is 18 ft. and if the axis is inclined 
76® 15' to the horizontal- 


16. CIRCULAR CYLINDER 


Definition. 

right section. 



Right Section 
is a Circle 


A circular cylinder is a cylinder which has a circular 




Properties 

If a prism whose right section is a regular polygon is inscribed in 
or circumscribed about a circular cylinder, and if the number of 
sides of the right section of the prism is indefinitely increased in 
such a way that every side approaches zero, the volume of the 
cylinder is the limit of the volume of the prism; the lateral area 
of the cylinder is the limit of the lateral area of the prism; the 
perimeter of a base of the cylinder is the limit of the perimeter of 
a base of the prism- 
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Formulas 

The lateral area of a circular cylinder is equal to the product of 
the perimeter of a right section and an element. 

Lateral area = perimeter of right section X element. 

S = pi,e. 

The volume of a circular cylinder is equal to the product of 
either a right section and an element, or the base and the altitude. 

Volume = base X altitude. 

V = Bh. 

Volume ~ right section X element. 

V = Ke. 

Example. A pole in the form of a circular C 3 dinder of altitude 18 ft. 
and diameter of right section 0.4 ft. has a base whose largest dimension 
is 0.5 ft. If the pole rolls until it has covered an area of level ground, 
equal to that of one acre, how many revolutions will it make? 



Solution. Through the axis of the cylinder pass a plane containing 
FAj the longer dimension of the upper base (see figure). In this plane 
drop perpendicular AC to EB produced and drop perpendicular BD to 
EF. Since the sides of angles DEB and ABC are respectively parallel, 
angle DEB = angle CBA, Whence right triangles ABC and DEB are 
similar. Therefore 

AB ^EB _ 0.5 
IS ~ DB~ 0.4 ’ 

or AB = 22.5. 

The right section of the cylinder is a circle of diameter 0.4 ft. Hence 
its perimeter pk = 0.47r. 
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Substituting p = OAtt and e = AB = 22.5 in the formula 

S == Pke, 

we obtain 

^ o. 47 r— S = (0.47r) (22.5) = Qtt sq. ft. 

This is the lateral surface of the pole and hence 
is the area of level ground covered in one revolu- 
tion (see figure). To find the number of rev- 
>1 = 97r sq. ft. olutions w, made when the pole rolls over an acre 
(= 43,560 sq. ft.), we write 

n (Qtt) = 43,560 
or 

1640.6 revolutions. Ans. 

PROBLEMS 

1. A pine log 40 ft. long has a uniform circular cross section of radius 11 in. 
The ends lie in parallel planes which are not perpendicular to the axis of the 
log. How much paint will be required to give 
the log (ends not included) two coats, if 1 gal. 
of paint covers 800 sq. ft. of surface? If pine 
weighs 31 lb. per cu. ft. , find the weight of the log. 

2. A straight stairway has a balustrade, 
with dimensions as shown, containing 2 circu- 
lar balusters to a step. The foot and hand 
rails are parallel. Find the total amount of 
wood used and the total area to be painted, 
neglecting the rails. 

3. A circular concrete conduit, whose inside diameter is 10 ft., is 1 ft. thick. 
It rises 16 ft. per 1000 horizontal feet. The vertical plane which contains the 
axis is perpendicular to the two vertical planes which 
contain the ends of the conduit. If the ends are 3000 
ft. apart, find the amoimt of concrete used in the con- 
struction of the conduit. 

4. A smokestack of a ship is 25 ft. long with a rake 
aft (angle of the staek^s inclination from the vertical) 
so that its top rises 24 ft. above the deck. The cross 
section of the flue is a circle with a diameter of 3^ ft. 

Completely encircling the flue is a protective stack. 

The distance betwreen the two stacks is 6 in. Find the 
space enclosed between the two stacks and also the out- 
side painting surface of the protective stack. (Neglect 
the thickness of the metal.) 

6 . A channel, whose cross section is a semicircle, with a rise of 1 ft. per 
1000 ft., is flowing full. The diameter of the channel is 6.55 ft. The vertical 








RIGHT CIRCULAR CYLINDER 


39 


plane which contains the axis is perpendicular to the two vertical planes 
which contain the ends of the channel. If the end planes are 2000 ft. apart, 
find the amount of water in the channel. 

6. Two vertical brine ta nk s, Tsfith tops on the same level, one 16 ft. deep, 
the other 4 ft. deep, have their tops 
and bottoms connected by pipes 2 in. 
in diameter. If the pipe connecting 
the tops measures 5 ft., find the 
weight of brine in the other pipe when 
entirely full. (The brine weighs 66.8 
lb. per cu. ft.) 

★7- An air duct in the form of a 
circular cylinder has a cross section 
of diameter 16 in. The distance be- 
tween the bases is 20 ft., and the elements are inclined at an angle of 50® to the 
bases. Find the amoimt of magnesia required to protect the duct with a 
magnesia covering | in. thick. 

17. RIGHT CIRCITLAR CYLINDER 

Definition. A right circular cylinder is a circular cylinder whose 
elements are perpendicular to its base. 

2in:-r 


Base 

Properties 

1. The axis of a right circular cylinder is the line joining the 
centers of the bases. 

2. A right circular cylinder may be generated by the revolution 
of a rectangle about one side as an axis, and is therefore also called 
a cylinder of revolution. 

3. The center of any section of a right circular cylinder parallel 
to the base is on the axis. 

4. Any element of a right circular cylinder is equal to its altitude. 

5. Every section of a right circular cylinder made by a plane 
containing an element is a rectangle. 

Formulas , 

The lateral area pf a right x1rciRax'7?yli§ ^ ^ the product of 

its altitude and the^ circumference of its base>' 
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Lateral area = altitude X circumference of base. 

S - he. 

The volume of a right circular cylinder is the product of the 
area of the base and its altitude. 

Volume = base X altitude. 

V - Bh. 

Example 1. Express the lateral surface S and the volume F of a 
right circular cylinder in terms of the radius of the base r and the 
altitude h. 

Solution. For the circular base we have 

Circumference c = 2Trr. 

Therefore 

iS — 27rrh- Ans. 


Substituting B 


we obtain 


in the formula 

V = Bh, 

V = Trr^h. Ans. 


Example 2. An iron pipe 10 ft. long has an internal 
diameter of 1 ft. If the iron is J in. thick, find the volume 
of metal in the pipe. 

Solution. From the figure we observe that the volume 
of metal required is the difference between the volumes 
of two right circular cylinders of the same altitude. 
Therefore, if we denote the required volume by F, the 
volume of the larger cylinder by Fi, and the volume of the 
smaller cylinder by F 2 , we write 

F == Fi - F 2 . 

Since for a cylinder V = Bh, we have 
F = Ri/i - B^h, 



where Bi and Bz are the areas of the bases of the two cylinders. But in 

terms of diameters B\ — — - and B 2 — - — - . Therefore we have 
4 4 


V = 



~/i(di — dl) “ (di + d2) (di — d2). 
4 4 


(a) 



RIGHT circular CYLINDER 


41 


But A = 10 ft., = 12 + (2) (I) = 13 in. = ft., and dg = 1 ft. 
Substituting these values in equation (a), we have 

^ = i [(if + 0 (s “ 0] ^ 

PROBLEMS 

1 . The diameter of a well is 6 ft., and the water is 7 ft. deep. How many 
gallons of water are there in the weU, reckoning 7.48 gal. to the cubic foot? 

2. A paint manufacturer desires a cj’-lindrical steel drum to hold 50 gal. 
of roof paint. For convenience in handling, it is foimd necessary to limit 
the inside diameter to 2j ft. Find the height of the drum desired. (One 
gal. =231 cu. in.) 

3 . Find the waste in making the largest possible cylindrical rod from a bar 
of iron 3 ft. long which has a square cross section whose diagonal is 6 in. 



[<- 3 » J 


4 . A cubic foot of water weighs about 62.4 lb. What must be the diameter 
of a cylindrical pail 1 ft. high in order for it to hold the water from 25 lb. of 
ice? How many square inches of sheet tin are required to make the pan? 
(Neglect waste in cutting and lapping.) 

6. If a lead pipe J in. thick has an inner diameter of If in., find the number 
of cubic inches of lead in a piece of pipe 10 ft. long. 



6. A certain factory manufactures tin cans. It received an order for 
10,000 cylindrical tin cans of height 5 in. and diameter 3 in. How many 
square feet of tin did this order require if 7 sq. in. are allowed for waste and 
seams in each can? 

7 . A gas company erected a new gasholder. The gasholder (top and sides) 
was given three coats of paint- It took 50 bbl. of paint of 50 gal. each to com- 
plete the work. The height of the tank was 160 ft. and the diameter of the 
base was 218 ft. If the paint cost $1 per gallon, what was the cost per square 
yard of surface? 

8. A circular oak table top is 4 ft. in diameter and | in. thick. How heavy 
is it if oak weighs 47 lb. per cu. ft,? 

9. A log with a circixlar cross section is 15 ft. long and 27 in. in diameter at 
the smaller end. Find the dimensions of the largest piece of timber of length 
15 ft. with a uniform square cross section, that can be cut from the log. 
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10. A cylindrical standpipe is to contain 343,000 gal. of water. If its 
height is to be t'wdce its diameter, what must be its dimensions? 

11. When a body is immersed in water in a right circular cylinder 60 cm. 
in diameter, the level of the water rises 40 cm. What is the volume of the 
body? 

12. A right cylindrical solid of altitude 6 in. has the cross section shown in 
the shaded portion of the figure. BEDG is a circle whose radius is OO. AFCG 
is a circle which is tangent to the larger circle at G. If AB = CD = 5 in. 
and if BF = 9 in., find the volume of the cylinder. 



13. A wedge ABCDBF (see figure) is cut from a right circular cylindrical 
block of altitude 10 in. and radius 4 in. The dihedral angle of the wedge is 30®. 
Calculate its volume and total surface. 

14, Pass a plane through a cube of edge 6 in. so that the section formed will 
be a regular hexagon. Find the volume of a right circular cylinder 8 in. long, 
(a) whose base circumscribes this hexagon, (b) whose base is inscribed in this 
hexagon. 

16. Find the volume of the largest right circular cylinder that can be cir- 
cumscribed about a rectangular parallelepiped of dimensions 2 ft. by 3 ft. by 
4 ft. 

★16. If the angle of the wedge in Prob. 13 is 42® 30', find the volume ^nd total 
area of the wedge. 


18. MISCELLANEOXJS PROBLEMS 

1. A trench is 200 ft. long and 12 ft. deep, 8 ft. wide at the top and 4 ft. 
wide at the bottom. How many cubic yards of earth have been removed? 

2. When an irregular-shaped rock is placed in a cylindrical vessel of water 
whose radius is 4.18 in., the water rises 6.85 in. What is the volume of the 
rock if it is completely submerged? 

3. A dam is 40 ft. long, 12 ft. high, 7 ft. wide at the bottom, and 4 ft. wide 
at the top. How many cubic yards of material were used in constructing it? 

4. Two rectangular water tanks with tops on the same level are connected 
by a pipe through their bottoms. The base of one is 6 in. higher than that of 
the other. Their dimensions are 4 by 5 by 2| ft. and 4 by 7 by 3 ft., respec- 
tively. How deep is the water in the larger tank when the water they contain 
equals half their combined capacity, if the 2|-ft. and 3-ft. edges are vertical? 
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6. A cylindrical tin can holding 2 gal. has its height equal to the diameter 
of its base. Another cylindrical tin can with the same capacity has its height 
equal to twice the diameter of its base. Find the ratio of the amount of tin 
required for making the two cans with covers. 

6. How much wood is wasted in turning out the largest possible cylindrical 
rod from a stick whose uniform square cross-sectional area is 10 sq. in. and 
whose length is 5 ft.? 

7. How long a wire 0.1 in. in diameter can be drawn from a block of copper 
2 by 4 by 6 in.? 

8. A piece of lead pipe is 50 ft. long. Its outer radius is 
2 in., and it is i in. thick. Into how many spherical bullets 
f in. in diameter can it be melted? 

9. A comcrib 20 ft. long has a cross section which is 
represented in the figure. The crib is entirely filled with 
com on the ear. How many bushels of com does it contain, 
if 2 bu. of com on the ear are equal to 1 bu. of shelled com? 

(Use the approximation, 1 bu. — 1^ cu. ft.) 

10. How many bricks each 8 in. by 2f in. by 2 in. will be required to build 
a wall 22 ft. by 3 ft. by 2 ft. (not allowing for mortar)? 

11. The height of a hot-water boiler attached to a furnace is 5 ^ ft. The 
circumference of the boiler is 48 in. If the metal is | in. thick, how many 
gallons will the boiler contain when fiill? (One gal. =231 cu. in.) 

12. A cylindrical tank, diameter 1 ft., length 6 ft., is placed so that its axis 
is horizontal. How’ many pounds of w^ater wiU be used in filling it to a depth 
of 9 in., if water weighs 62.4 lb. per cu. ft.? 

13. How many wnshers can be made from a cube of metal 4 in. on a side, if 
the washers are | in. in diameter and i in. thick? The hole in the center of the 
wmshers is | in. in diameter. 

14. What are the dimensions of a gallon can of uniform square cross section 
whose height is twice the length of an edge of its base? (One gal. equals 
231 cu. in.) 

16. A woodman makes a wedge-shaped cut in the trunk of a tree. Assume 
that the tmnk is a right circular cylinder of radius 4 in., that the lower surface 
of the cut is a horizontal plane, and that the upper surface is a plane inclined 
at an angle of 45® to the horizontal and intersecting the lower surface of the 
cut in a diameter. This wedge is then cut into twm equal pieces by a vertical 
cut. Wlhat is the area of this vertical section? The woodman now wishes to 
divide one of these pieces by another section 
parallel to the first section. If the new section is to 
have an area equal to one-fourth that of the 
original section, where should the cut be made? 

16. How deep a cut should be milled off one 
side of a 2|“in. shaft to make a fiat (a rectangular 
flat area) If in. wide? 

17. The base of a right cylinder is shown in the 
figure. It is formed by describing semicircular 
arcs wit hin the square upon the four sides as diam- 
eters. If the altitude of the cylinder is 12 in., find the volume and total area. 
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18. Using the vertices of a 9-in. square as centers, and radii equal to 3 in., 
four quadrants are described within the square. If the figure thus formed is 
the uniform cross section of a cylinder of element 7 in., find the volume and 
total area of the cylinder. 

19. Using the vertices of a 9-in. square as centers, and radii equal to 3 in., 
four arcs are described outside the 
square. If the figure thus formed is the 
uniform cross section of cylinder of ele- 
ment 7 in., find the volume and total 
area of the cylinder. 

20. A right prism of altitude 7 in. and 
square base 6 in. on an edge is cut by a 
plane forming section ABCD as shown. 

(a) Find the length of the diagonal 
A.C. -^(6) Find angle A jB ( 7. (c) Find the 

area of section ABCD. ★(d) Find the 
angle which the plane of the section 
ABCD makes with the plane of the base. 

21. In the figure is shown a block of wood in the form of a right prism 
whose bases are right triangles. A cylindrical auger hole of diameter 2 in. is 




bored through the block. If the elements of the cylindrical hole are perpen- 
dicular to face ABEF and if the lateral surface of the cylindrical hole is tangent 
to face ABCDf find the volume removed. 

22. The figixre represents a truncated prism. 

The base ABCD is a square, and the lateral edges 
AE, BF, CGj DH are perpendicular to the base. 

AB = 10 in., AE = 6 in., BF = 10 in., CG = 10 
in., DH = 6 in. Find (a) the length of each face 
diagonal; ★(?)) each face angle; (c) the length of each 
diagonal of the solid; (d) the lateral area; (e) the 
total area; ★(/) the angle BFH ; (g) the volume. 

23. The figure shows a right section of a railroad 
cut in a hillside. If the sides rise 1 unit vertically to 




1.5 units, and if the length of the cut is 100 ft., find the volume of earth removed. 
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★24. Find the angles that the diagonal of a rectangular parallelepiped 1 in. 
bj’’ 3 in. by 5 in. make with the faces. 


At what angle with the horizontal must the base 
of a right circular cylinder be tilted to make it just 
topple over if its diameter is 12 ft. and its altitude is 
16 ft.? (The center of gravity is at the middle point C 
of the axis of the cylinder. The base must be tilted so 
that the line AC becomes vertical.) 



★26. The plumb-line distance from the lowest point of the 
top of the Leaning Tower of Pisa to the ground is 179 ft. 
The tower leans so that this plumb line strikes the ground 
14 ft. from the nearest point of the base as shown, (a) At 
what angle is its axis now inclined from the vertical? (6) At 
what angle would its axis have to be inclined from the vertical 
before it would topple over? See Prob. 25. 




CHAPTER IV 

SOLIDS FOR WHICH F = f R/i 

19. INTRODUCTION 

In this chapter we deal with a class of solids whose volumes 
are found by means of the formula V = jBh, and discuss the 
important relations which exist among similar figures. 

20. PYRAMID 


Definition. A 'pyramid is a polyhedron of which one face, called 
the base, is a polygon of any number of sides and the other faces are 
tria'ngles which have a common vertex. 



Properties 

1. The triangular faces are called the lateral faces. 

2. The altitude of a pyramid is the length of the perpendicular 
dropped from the vertex to the plane of the basel 

3. If a pyramid is cut by a plane parallel to the base, the lateral 
edges and the altitude are divided proportionally; the section is 
a polygon similar to the base; and the areas of two such sections 
are to each other as the squares of their distances from the vertex. 
The base itself may be considered one of the sections in question. 

X 

In symbols we write ~ ^ (see figure). 

4. If two p 3 n'amids have equal bases and equal altitudes, by 
Property 3, we can show that the area of the section of one pyramid 

46 
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parallel to the base is equal to the area of the corresponding section 
of the other. Hence in accordance with Cavaiieri^s theorem the 
two pyramids are equivalent. 

Formulas 

The lateral area of a pyramid is equal to the sum of the areas of 
the lateral faces of the pyramid. 

iS = sum of areas of faces. 

The volume of any pyramid is equal to one-third the product 
of the base and the altitude. 

Volume = f hase X altitude. 

V = 

Surface analysis. Each of the lateral faces of a pyramid is a 
triangle. The lateral area is the sum of the areas of these triangu- 
lar faces. 

Volume analysis. Let the solid E-AGC shown in the figure be 
a triangular pyramid. Complete the prism EFD-AGC by passing 
a plane through base edge AC parallel to the opposite lateral edge 
EG, and by passing another plane through the vertex E parallel 
to the base AGC. The prism AGC—DEF has the same base B 


D 




and altitude h as the given pyramid. The plane AFE cuts the 
part added (see figure) into two triangular pyramids, each equiva- 
lent to the given pyramid; for E~AGC and A-DEF have the same 
altitude as the prism, and have the bottom and top of the prism 
respectively as bases, while E—AFC and E~AFD have the same 
altitude and equal bases (Property 4) . Hence the volume of the 
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given pyramid is one-third the volume of the constructed prism. 
But the volume of the prism = Bh, Therefore the volume of the 



given pyramid (any triangular pyramid) = 
IBh. 

We can divide any pyramid into triangular 
pyramids (see figure) by passing planes 
through one lateral edge, and all the other 
lateral edges excepting the two edges ad- 
jacent to this one. Each of these triangular 
pyramids has an altitude equal to the alti- 
tude of the given pyramid, and the base of 
the given pyramid is the sum of the bases of 


the triangular pyramids- Hence for the given pyramid V — ^ 


(sum of bases of triangular pyramids) h — 


Example. The pyramidal slice of earth shown in the figure was re- 
moved from a railway embankment. Find the volume of earth re- 
moved. 



c 


Solution. If we consider triangle ABC as base of the slice, DB is the 
altitude. From an end view of the base (see figure) we see that BE' 
and E'C are the legs of a 45° right triangle whose hypotenuse is 60 ft. 


Hence 

EB' -55=. 

V2 

Since A'C and A A' are the legs of a 
30°-60° right triangle and AA' = BE' = 

— 7 =r, we have 

V2 



A'C = Vs AA' = (Vs) 
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Considering AE as the base and EE' as the altitude of triangle AEC, 
we find its area to be 

UAE) (.EE') = i [(Vi) - ^]^ = "'I- f*- 

Substituting B = 658.89 and h = 150 in the formula 

V = iBh, 

we find 


V = -1(658.89) (150) = 32,944 cu. ft. Ans. 


PROBLEMS 

1. If a pyramid of base B has its vertex at any point in a plane parallel to 
and distant h from the plane of the base, find its volume. 

2. In the corner of a cellar is a p 3 ^ainidal heap of coal. The base of the 
heap is an isosceles right triangle whose hypotenxise is 20 ft., and the altitude 
of the heap is 7 ft. If there are 35 cu. ft. in a ton of coal, how many tons are 
there in this heap? 


3. A pottery manufacturer has an order to manufacture 5000 
hanging vases each to hold f pt. of water when full. The vases 
are designed so as to fit into the comer of a room. The faces 
of each vase are triangular in shape and intersect to form a 
pointed bottom. The area of the polygon cut out of the 
plane of the base by the lateral faces is 3 sq. in. The hei^t 
of the vase is 8 in. Compute the weight of pottery required if 
pottery weighs 130 lb. per cu. ft. 



4. A pyramidal book end made of composition 
material has a base in the shape of an irregular poly- 
gon whose measurements are shown in the sketch. 
The faces are triangles whose vertices are coincident. 
The common vertex is in the plane of the face against 
which the books rest. This latter face is at right 
angles to the base and has an altitude of 7 in. and a 
base of 4|- in. Find the amoimt of material in 1000 
pairs of such book ends. 



6. The coal considered in Prob. 2 just fills a rectangular bin whose floor is 
7 ft. by 6 ft. Find the depth of the coal. 
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6. A pyramid V-ABCD is cut from a cube of edge 
12 in., as shown in the figure. The vertex V is the 
midpoint of an upper edge of the cube. Compute the 
lateral surface of the pyramid. 


V 
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7. If a plane is passed through the vertices A, B, and C 
of the cube shown in the figure, show that the volume of 
the pyramid cut off is one-sixth that of the cube. 



★8. In the pyramid shown in the figure, AB ^ 
9 in., BC = 12 in., and BD = 5 in. The three 
face angles at B are each 90®. Calculate the 
three face angles at A and the total surface of the 
fiohd. 



★9. Solve the example of this article by using 20® and 35® instead of 30® and 
45®, respectively. 


21. REGULAR PYRAMID 


Definition. A regular pyramid is one whose base is a regular 
polygon whose center coincides with the foot of the perpendicular 
dropped from the vertex to the base. 



Properties 


1. The lateral edges of a regular pyramid are equal. 

2. The lateral faces of a regular pyramid are congruent isosceles 
triangles. 

3. The altitudes of the lateral faces of a regular pyramid are 
equal. 

4. The slant height of a regular pyramid is the altitude of a 
lateral face. 
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5. The altitude of a regular pyramid is equal to the length of the 
perpendicular dropped from the vertex to the center of the base. 

6. If a regular pyramid is cut by a plane parallel to its base the 
pyramid cut off is a regular pyramid. 

Formulas 

The lateral area of a regular pyramid is equal to one-half the 
product of the perimeter of the base and the slant height. 

Lateral area = | perimeter of base X slant height. 


The volume of a regular pyramid is equal to one-third the prod- 
uct of the base and the altitude. 

Volume = I base X altitude. 

V == IBh. 

Surface analysis. In a regular pyramid, let S be the lateral 
area, let I be the slant height, and let p be the perimeter of the 
base. Since the faces of the pyramid are equal isosceles triangles 
with a common altitude Z, and since the sum of the bases of these 
triangles equals p, the sum of the areas of faces is S = |pZ. 

Example. Given a regular tetrahedron (a triangular pyramid all of 


whose faces are equilateral triangles) of edge a; find its altitude. 

Solution. Through tetrahedron A~BCD 
pass a plane containing AB and altitude 
AE, forming section ABE' shown in the 
figure. By Property 5, E is the center of 
the base BCD. Since the base of a regular 
tetrahedron is an equilateral triangle, from 
plane geometry E is the point of intersec- 
tion of the perpendicular bisectors of the 
sides of the triangle. These perpendicular 
bisectors in the case of an equilateral triangle coincide with the 
medians. 

Applying the Pythagorean theorem to the right triangle BE'D, we 
get 



BE' 


Since from plane geo metry the medians of ^ftriangle meet in a point 
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which is two thirds of the distance from each vertex to the midpoint of 
the opposite side, we have 

BB = §BB' = I 


In right triangle A.BE, AB = a and BE = Therefore 


AE = 


a V^f . Ans, 


PROBLEMS 

1. If there are cu. ft. in a bushel, what is the capacity (in bushels) of a 
hopper in the shape of an inverted pyramid 12 ft. deep and 8 ft. square at the top? 

2 . A church spire in the form of a regular hexagonal pyramid whose base 
edge is 8 ft. and whose altitude is 75 ft. is to be painted at a cost of 22 cents 
per square yard. What is the total cost? 



3 . The regular p^Tamidal roof of the Washington Monument is 55 ft. 
high and has a base which is a square 35 ft. 2 in. on a side. The marble slabs 
of which it is built weigh 165 lb. per eu. ft. If the room covered by the roof is a 
pyramid whose square base is 34 ft. on a side and 54 ft. high, what is the weight 
of the roof? (Neglect the six small windows.) 

4 . The altitude of the great Pyramid of Cheops in Egypt originally was 
480 ft. and its square base was 764 ft. on an edge. It is said to have cost $10 
a cubic yard and $3 more for each square yard of lateral surface (considered as 
planes). What was its cost? 

6. The roof of a water tower is composed of 6 equal isosceles triangles whose 
vertices meet in the center of the roof. If the inclined edges measure 17 ft. 
and the height of the roof is 8 ft,, find the number of square feet of tar paper 
necessary to cover the roof, (Neglect the waste in lapping, cutting, etc.) 
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6. How may 6 matches be arranged so as to form 4 equal, equilateral 
triangles ha'v'ing a match as an edge? In this position these matches may be 
considered as the edges of a certain solid. What is it? 

7. The illustration shows the monument of Cestius in Rome, w-hich is a 
square pj’ramid 12 If ft. high 'vv’ith a base edge measuring 98.4 ft. Find the 
number of square feet in the lateral surface of the monument. What is its 
volume? 



The Monument of Cestius in Rome. 


8. Find the area of the base of a regular square p;^u:amid whose lateral 
faces are equilateral triangles and whose altitude is 8 in. 

9. Find the volume of a regular tetrahedron of edge a. 

10. Show how a cube can be made up of 6 congruent pj^Tamids whose 
lateral edges lie along the diagonals of the cube. 

11. A pjTamid has its vertex at the center of a cube and its base coincides 
with a face of the cube. Find the angle that each lateral face of the pyramid 
makes with the base of the p^’ramid. 


22. SIMILAR FIGURES 


Definition. Similar 'polyhedrons are polyhedrons that have the 
same number of faces, respectively similar and similarly placed, and 



A dD Q 







have their corresponding polyhedral angles equal. 

Corresponding lines of similar figures are proportional. 
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Formulas 


The areas of similar plane figures or similar surfaces (s, S) have 
the same ratio as the squares of any two corresponding lines (a;, X). 

s_^ 

S ~ 

' The volumes of similar solids (v, V) have the same ratio as the 
cubes of any two corresponding lines (re, X). 

V _ 

I n simila r figures of any kind, pairs of corresponding line seg- 
ments such as x, X, and y, Y have the same ratio. 


Analysis. Consider the two similar rectangular parallelepipeds 
whose dimensions are a X b X c and ar X hr X cr, respectively. 
Denote the volume of the former by Fi and the volume of the 
latter by Fa. From §10, we have 


and 


Fi - (a)(5)(c) - ahe 

Fa = (ar)(&r)(cr) — a5c(r®). 


( 1 ) 

( 2 ) 


Dividing equation (1) by equation (2), member by member, we 
have 


Fi _ ahe X 

Fa ahc{7^) r* 


(3) 


Multiplying both numerator and denominator of the right-hand 
member of (3) first by a^, then by 5®, and finally by c®, we obtain 

Fi ^ gg Fx ^ b^ Fi ^ c» 

Fa "" iarY’ Fa {brY^ Fa {crY ‘ 

By using an extension of this argument, together with the theory 
of limits, it can be shown that the volumes of similar solids have 
the same ratio as the cubes of any two corresponding line segments. 

Similarly we can show that the areas of similar plane figures or 
similar surfaces have the same ratio as the squares of any two 
corresponding line segments. 
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Example, A p>Tamid of altitude h and base B is divided into three 
parts by two planes passed parallel to the base. If these planes are 
distant h/Z and 2A/3, respectively, from the vertex, find the ratio of 
the volume of the middle part to the 
volume of the largest part. 

Solution, The sections of the 
pyramid formed by the planes are 
denoted by and B 2 in the figure. 

Consider the three pyramids 0-Bi, 

O-B 2 , and 0-B. Denote their vol- 
ume by Vi, F 2 , and Vs, respectively. 

From the construction and consider- 
ations of this article we observe that 
these pyramids are similar. There- 
fore in the formula 

we substitute v = Vi, V — Vz, x h/S, and X =* 2h/3 to get 


W 


and substitute v = Fi, V — F 3 , x = h/Z, and X = h to get 





In terms of the symbols denoting the volumes of the three pyramids, 
the required ratio is 


F2 - Fi 


CO 


From equations (a) and (5) we obtain 

V 2 = 8 F 1 and F 3 = 27 Fi. 
Substituting these values of F 2 and F 3 in (c), we get 

8 F 1 - Fi 7Fi 7 

8 F 1 19 ■ 
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PROBLEMS 

1. A globe 1 ft. in diameter is how many times as large as a marble 1 
in. in diameter? 

2. The diameter of the earth is 7920 miles, and that of the moon is 2160 
miles. Compare their volumes. 

3. Two cylindrical boilers are similar, and the diameter of one is twice the 
diameter of the other. What is the ratio of their lateral surfaces and of the 
areas of their cross sections? 

4. A cube of ice is 2 ft. by 2 ft. by 2 ft. The ice melts until it becomes a 
cube which is one-half as heavy as the original. Find the dimensions of the 
new cube. 

6. The inside dimensions of a box are 2 by 3 by 4 ft. Find the dimensions 
of a packing box of the same shape which will hold 8 times as much. 

6. A tank in the form of a right circular cone is 3 ft. high and its base is 
2 ft. in radius. It is desired to build a similar tank whose volume is twice as 
great. I\Tiat should be the dimensions of the larger tank? 

7. A manufacturer receives an order for 2000 souvenirs which aire to be 
miniature models of the Washington Monument. Each must be exactly 
similar to the original monument and must be 4 in. high. If the models are 
solid, find the amount of material necessary to fill the order. (Take 1,038,800 
cu. ft. as volume of Washington Monument, 555 ft. as height.) 

8. Which is the more heavily built, a man 
5i ft. tall who weighs 160 lb. or one 6 ft. tall 
who weighs 200 lb.? 

9. If a child 2§ ft. in height weighs 30 lb., 
what would be the weight of a man 5 ft. tall 
of the same proportions? 

10. The pyramidal tank shown in the figure 
has a square base 11.6 ft. on a side and an 
altitude of 14.8 ft. How many gallons of 
water are in it when the depth of the water 
is 5.725 ft.? 

11. What fraction of the volume of a pyr- 
amid must be cut off by a plane parallel to 
the base if the pyramid thus formed has a lateral area equal to one-half of 
the lateral area of the original pyramid? 

12. A pyramid whose altitude is 4 ft. weighs 600 lb. At what distance from 
its vertex must it be cut by a plane parallel to its base so that two solids of 
equal weight will be formed? 

13. The volume of a certain solid is 1200 cu. in. and its surface is 800 sq. in. 
What will be the surface of a similar solid whose volume is 2400 cu. in.? 

14. A steamship 790 ft. long has a tonnage of 32,500, and another 882 ft- 
long has a tonnage of 45,000. Can these vessels be similar in shape? If 
not, which has the greater tonnage in proportion to its length? 

16. In a laboratory experiment a heavy iron ball is suspended by a steel 
wire. In suspending another ball of twice the diameter a wire of twice the 
radius of the first is used. Is this perfectly safe if it is known that the first wire 
will just safely carry the ball suspended from it? 
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23. CONICAL SURFACE 

Definition. A conical surface is a surface generated hy a moving 
straight line {generator) which always intersects a fixed plane curve 
{directrix) and which always passes through a fixed point {vertex) 
not in the plane of the curve. 



Properties 

1. An element of a conical surface is the generator in any par- 
ticular position. 

2. Any line, not an element, tangent to any curve on a conical 
surface is tangent to the surface. 

3. A plane is tangent to a conical surface if it contains an ele- 
ment of the conical surface and a line tangent to the surface. 

24. CONE 

Definition. A cone is the solid hounded hy d conical surface 
{lateral surface) whose directrix is a closed curve, and a plane (fiase) 
which cuts all the elements ^ 



Properties 

1- The altitude of a cone is the perpendicular distance from 
the vertex to the plane of the base. 

2. Every section of a cone made by a plane passing through its 
vertex and containing two points of the base is a triangle. 
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3. The axis of a cone is the straight line joining the vertex with 
the center of the base (if the base has a center). 

4. A right section of a cone is a section perpendicular to its axis 
and cutting all the elements. 

5. A circular cone is a cone whose right section is a circle. 

Formula 

The volume of a cone is equal to one-third the product of the 
base and the altitude. 


Volume ■■ base X altitude. 

V 

Volume analysis. Consider the cone O-EFGH shown in the 
figure. Construct the pyramid 0*-E'F'G'H' having a base and 
altitude respectively equal to the base and altitude of the cone. 
Place these solids so that their bases lie in the same plane as 
shown. 



Pass a plane parallel to and distant y from the bases cutting the 
cone in section A and the pyramid in section A'. Denote the 
altitude of each solid by hj the base of the cone by B, and the base 
of the pyramid by B'. From §22, we have 

A^ Qi - yy 

B 

and 

— — yy 

B' ” 
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Equating these two values of , we get 

B ~ B'^ 

But by construction B ^ B\ 

Therefore A A' . 

Since the altitude of each solid is h and since A — A', it follows 
from Cavalieri’s theorem that the volumes of the two solids are 
equal. But the volume of the pyramid is \B'h = ^Bh. There- 
fore the volume of the cone is ^Bh, 


PROBLEMS 


1. The crater of a volcano is approximately in the shape of a cone of base 
3.1416 sq. mi. The crater’s depth is 1500 ft. How many cubic yards of earth 
would be required to fill this cavity? 

2. A stalactite which may be seen hanging in the Endless Caverns in Vir- 
ginia is approximately in the form of a cone 4 ft. long with a base 18 in. in 


diameter. The calcium carbonate of which it is 
formed weighs 131 lb. per cu. ft. Find the weight of 
the stalactite. 

3. A contcal pile of sand 6 ft. in height has a 
volume of 27 cu. ft. If the bottom of the pile is on 
level groimd, how much ground does it cover? 

4. The vertex of the cone shown in the figure is at 
the midpoint of an upper edge of the cube; the base 



of the cone is a circle inscribed in the lower base of 


the cube. If the edge of the cube is 12 in., find the volume of the cone. 


6. In the triangular pjTamid shown in the 
figure each face angle at O is 90”. Find the 
volume of a cone whose vertex is at F and 
whose base is a circle inscribed in the base ABO 
of the pyramid. 

6. At what distance from the vertex of a 
cone of altitude h must a plane parallel to the 
base be passed, so as to bisect the lateral sur- 
face? At what distance must it be passed so 
as to bisect the solid? 

7. Show that every section of a cone made 
by a plane passing throng its vertex and con- 
taining two points of the base is a triangle. 

★8. Find the face angles at V of the pyramid 
of Prob. 5, 
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25. RIGHT CmCITLAR CONE 

Definition. A right circular cone is a circular cone whose axis 
is perpendicular to its base. 



Properties 

1. The slant height of a right circular cone is the length of an 
element. 

2. The altitude of a right circular cone is the distance between 
the vertex and the center of the circle which forms its base. 

3. A right circular cone is a solid generated by rotating a right 
triangle about one of its legs as an axis; the surface generated by 
the hypotenuse of the triangle is the lateral area of the cone, and 
the area of the base of the cone is the surface generated by the leg 
which is not the axis of rotation. 

4. All elements of a right circular cone are equal. 

6. A section of a right circular cone parallel to the base is a 
circle whose center is on the axis of the cone. 

6. A section of a right circular cone which contains the vertex 
and two points of the base is an isosceles triangle. 

Formulas 

The lateral area of a right circular cone is equal to one-half the 
product of the circumference of the base and the slant height. 

Lateral area = i circumference of base X slant height. 

S = hcl. 

The volume of a right circular cone is equal to one-third the 
product of the base and the altitude. 

Volume ■■ base X altitude. 

V 
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Surface analysis. If the curved surface of a right circular 
cone be slit along an element and spread out flat as shown in 
the figure, it becomes a sector of a 
circle, with an element as radius and 
the circumference of the cone's base 
as arc. Therefore by §3, its area 
is fcZ. 

Example 1. Write a formula for the 
volume V of a right circular cone in 
terms of the radius of the base r and the altitude h. 

Solution, Since the base of the right circular cone is a circle of 
radius r, its area is R — irr^. Substituting this value of B in the 
formula 



we get 


F = iBh, 

V = i'lrr^h. Ans. 


Example 2. The liquid content of a glass is in the form of a cone 
of base diameter 3 in. If the glass contains 10 fluid oz., 
and 1 fluid oz. = 1.S05 cu. in., what is the greatest depth of 
the liquid? 

Solution. The base of the cone formed by the liquid is 
the area of a circle of diameter 3 in. (see figure). Therefore 
we have 

7r3^ ^ 9 ^ 

4 “ 4 ‘ 


B = 


The greatest depth of the liquid is the altitude of the cone. 
Substituting F = (10) (1.805) cu. in. and B 

F = iBh, 



— in the formula 
4 


we obtain 


(10) (1.805) 


_ 1 / Ott 

“ 3 vT 


Solving this equation for h, we find 

h = 7.6606 in. Ans. 

Example 3. What is the volume of the right circular cone that can 
be formed by using as its lateral surface the semicircular area shown in 
the figure? 

Solution. When the given area is rolled into the lateral surface of 
the right circular cone, the point A becomes the vertex and each radius 
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of the area becomes an element of the cone as shown in the figure. Let 
the altitude of the cone be h and the radius of the base be r. 



Since the semicircular arc of the given area 
forms the circumference of the base of the cone, 
we have 

irR — 2Trr 


or 


R 

r ~ • 

2 

Therefore each axial section of 
the cone is an equilateral triangle, 
such as triangle ABC, of altitude 
h and base 2r. This triangle is 
divided into the two equal 30° — 



60° right triangles ABO and ACO by the axis AO. Therefore 



Example 4. The upper 
portion of a sherbet glass is 
in the form of a right circular 
cone with a base of radius 2 
in. and a slant height of 4 
in. (inner dimensions). Find 
the volume of liquid it con- 
tains (a) when full, (6) when 
filled to a depth of 3 in. 

Solution. (cs) First con- 
sider the cone occupied by 
the liquid when the glass is 
full. Pass a plane through 
the axis OB of the cone. 



forming the section ABC shown in the figure. Let h = OB he the 


altitude of the cone. Applying the Pythagorean theorem to right 
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triangle AOB, we have 

h = V42 — 22 = 2 Vs. 


Denoting the volume of the cone by F 2 and substituting B = ,r(2)2 
47r and A = 2 "s/S in the formula 


V = iRA, 


we get 

Fa = |(4x) (2 Vi) = 

o 


14.510 cu. in. 




(6) Now consider the cone occupied by the water when the glass 
filled to a depth of 3 in. Since this cone is similar to the cone in pa 
(a), we write 


Yl 

Fa hi' 


where Fi, Fa and Ai, are the volumes and altitudes of the two cone 

Sit* "V^ S 

respectively. Substituting Fa , = 3, and Aa == 2 V^3 i 

3 

this equation, we get 

Fi 3^ 

Stt V 3 (2 V3)5 

3 


or 


Fi — 3ir = 9.4248 cu. in. .4ns. 


PROBLEMS 

1. A pile of sand is in the form of a right circular cone of altitude 7 ft. and 
slant height 25 ft. What is the weight of 
the sand, if the sand weighs 107.5 lb. per 
cu. ft.? 

2. How many square j’^ards of canvas 
will be required to make a conical tent 15 ft. 
high and 18 ft. in diameter, if 10 per cent of 
the material is wasted? 

3. A cylindrical tower 30 ft. in diam- 
eter has a conical roof the length of whose 
eaves is 2 ft. An element of the roof is inclined 45® to the horizontal. Find 
the weather surface (see figure). 
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4. Two vertical conical tanks (both inverted) have their vertices con- 
nected by a short horizontal pipe. One tank, initially full of water, has an 
altitude of 6 ft. and a diameter of 
base 7 ft. The other tank, initially 
empty, has an altitude of 9 ft. and a 
diameter of base 8 ft. If the water is 
allowed to flow through the connecting 
pipe, find the level to which the water 
will ultimately rise in the empty tank. 

(Neglect the water in the pipe.) 

6. A circular piece of filter paper B inches in radius is folded twice: first 
on a diameter and then on the radius perpendicular to the crease. It is then 
opened up so as to form a right circular cone. Find in terms of B the volume 
of liquid it will hold. 

6 . The solid shown consists of a right circular cylinder of 

diameter d and altitude A, surmounted by a cone of diam- 
eter of base d and altitude h/2. (a) Write a formula for 

the volume. (6) Find the volume, given d — 4.42 in. and 
h = 5.17 in. 

7 . A piece of lead pipe of inner diameter 2\ in., outer 
diameter 2| in., and length 16 ft., has been melted in an open 
conical pot of radius 10 in. and altitude 15 in. Find the depth 
of the molten metal. 

8. A right circular cone of slant height 10 in. has a radius 
of 4 in. Find the angle of the sector of a circle of radius 10 
in. whose area is equal to the lateral area of the cone. 

9. A piece of paper in the form of a sector of a circle of radius 12 in. is 
rolled into a cone. Calculate the volume of the cone if the angle of the sector is 
(a) 60% (6) 90% (c) 180% (d) 270°, (e) 265°. 

★10. Find the vertical angle of each of the cones of Prob. 4. 




26. MISCELLANEOUS PROBLEMS 

1. The lateral edge of a pjmamidal church spire is 61 ft. Each side of its 
octagonal base is 22 ft. What will be the cost of painting the spire at 2| cents 
a square foot? 

2. Each element of a circular conical pile of sand 6 ft. high is inclined 45° 
to the horizontal. How many cubic feet of sand does the pile contain? 

3. The inside dimensions of a trunk are 4 ft., 3 ft., 2 ft. Find the dimen- 
sions of a trunk similar in shape that will hold 4 times as much. 

4. How many square feet of canvas are required for a conical tent 18 ft. 
high and 10 ft. in diameter if 10 per cent of the material is wasted? 

6. A model steamboat is 2 ft. 3 in. long and it displaces 1.5 lb. of water. 
The ship of which the model is made is 720 ft. long. What is its displacement 
in tons? 
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6. Among the interesting applications of similarity is the case of a shadow, 
as here shoTf^-n, where the light is 
the center of similitude. If a man’s 
profile is 12 in. in height and the 
similar shadow is 16 in. in height, 
find the ratio of the area of the 
profile to the area of the shadow. 

7. How far from the top must 
you cut a conical tent in order to 
cut the cloth in half? 

8. A well 40 ft. deep and 6.5 ft. 
in diameter is lined with stone 1.5 ft. thick so that the inner diameter of the 
well becomes 3.5 ft. Pind the number of cubic feet of stone required. 

9. A p 3 Tamidal roof 16 ft. in height, standing on a square base 24 ft. on a 
side, is covered with sheet lead in. thick, (a) Pind the weight of the lead if 
1 cu, in. of lead weighs 7 oz. (6) If the lead is stripped off and east into bullets, 
each of which is in the form of a cylinder § in. long and ihr in. in diameter, sur- 
mounted by a cone of the same diameter and f in. high, find how many bullets 
there will be. 

10. The monument erected in Babylon by Queen Semiramis at her husband 
Ninus’s tomb is said to have been one block of solid marble in the form of a 
square pjTamid, the sides of whose base were 20 ft. and the height of the monu- 
ment 150 ft. If the marble weighed 185 lb. per cu. ft., find the weight of the 
monument. 

11. Find the volume of the largest pyramid which can be cut from a rec- 
tangular parallelepiped whose edges are 2 in. by 3 in. by 4 in. Discuss fully. 



12. Find the least waste in cutting two conical 
blocks from a block of wood in the form of a right 
circular cylinder of radius 4 in. and altitude 7 in. 

13. A mound of earth in the form of the solid 
shown in the figure has a rectangular base 17 yd. 
long and 8.62 ^’■d- wide. Its perpendicular height is 



5 yd., and the length on the top is 8.56 yd. Find the number of cubic yards of 


earth in the mound. 


14. A vessel is in the form of an inverted regular square pyramid of altitude 


9.87 in. and base edge 6.27 in. The depth of the water it contains is 6 in. 


(a) How much will, the surface rise when 1 pt. of water is added? (One gal. = 
231 cu. in.) (6) Find the wetted strrface when the depth of the 
water is 9.23 in. 

15. Find the volume of the largest cone having its circular 
base circumscribed about a face of a rectangular parallelepiped 
of dimensions 2 ft. by 3 ft. by 4 ft. and its vertex lying in the 
opposite face. 

16. An ink bottle is in the form of a right circular cylin- 
der with a large conical opening as shown in the figure. 

When it is filled level with the bottom of the opening, it 



can just be turned upside down without any ink spilling. 

Prove that the depth of the cone is three-fifths the depth of the bottle. 
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17. Three of the edges of a rectangular parallelepiped that meet in a point 
are also the lateral edges of a P 3 u:amid. What fraction of the parallelepiped is 
this pyramid? 

18. Pass a plane containing a vertex of a rectangular parallelepiped and a 
diagonal of a face not containing that vertex to cut a pyramid from the paral- 
lelepiped. What fraction of the volume of the parallelepiped is the volume of 
the pyramid thus cut off? 

19. A pyramid is cut by a plane parallel to the base and bisecting the alti- 
tude. What fraction of the entire pyramid is the smaller pyramid cut away by 
this plane? 

20. A wooden cone of altitude h is to be sawed into three parts of equal 
weight. How far from the vertex must the cuts (parallel to 
the base) be made? 

21. A right circular cylinder is inscribed in a right cir- 
cular cone of altitude h and radius of base x, as shown in 
the figure. Find the radius of the cylinder if its lateral 
area is equal to the lateral area of the small cone which sur- 
mounts the cylinder. 

22. Solve Prob. 21 if the lateral area of the small cone 
is equal to the area of the ring bounded by the circumferences of the base of 
the large cone and the lower base of the cylinder. 

23. Upon the faces of a cube as bases congruent regular pyramids are con- 
structed exterior to the cube. If an edge of the cube is 6 in. and if the distances 
between the vertices of the two opposite pyramids is 10 in., find the surface of 
the resulting solid. 

24. The cube shown in the figure is cut by two planes, one passing through 
vertex A and containing edge EDy the other 

passing through the same vertex A and con- 
taining edge EB, Find the volume and 
total area of the pyramid whose base is 
BCDE and whose vertex is A if AC = a. 

25. Pass a plane through a cube of edge 8 
in. so that the section formed will be a regular 
hexagon. Through each side of the hexagon 
pass two planes, one plane containing one of 

the two vertices of the cube which are farthest . ^ ^ 

away from the plane of the hexagon, the other plane containing the diagonally 
opposite vertex of the cube. Find the volume of the solid bounded by these 
planes. 

★26. A and B are diametrically opposite points on the base of a cone of semi- 
vertical angle 35°, slant height 6 in. Find the difference between the distance 
of B from A measured around the rim of the base and the distance of B from A 
measured along the shortest path across the curved surface of the cone. 

Hint Unroll the curved surface. 





CHAPTER V 

SOLIDS FOR WHICH V = (mean B)h. 
27. INTRODUCTION 


We shall now consider another class of solids each of whose 
volumes is the product of its mean base and its altitude. 


28. FRUSTUM OF REGULAR PYRAMID 


Definition. A frustum of a regular 'pyramid is the portion of a 
regular pyramid included het'ween the base and a section ' paralld^ to 
the base. ' 



Properties 

1. The slant height of a frustum of a regular pyramid is the 
altitude of a face. 

2. The lateral edges of a frustum of a regular pyramid are equal, 
and the faces are equal isosceles trapezoids. 


Formulas 


The lateral area of the frustum of a regular pyramid is equal to 
one-half the sum of the perimeters of the bases multiplied by the 
slant height. 


Lateral area = 


sum of perimeters of bases , . , . , . 

X slant height 


S == mean p X 1. 
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The volume of the frustum of any pyramid is equal to one-third 
the product of the altitude and the sum of the upper base, the 
lower base, and the mean proportional between the bases. 

sum of bases + mean proportional 
Volume X alUtude. 

O 

V = mean B X h. 


Surface analysis. The area of the lateral surface of a frustum 
of a pyramid is the sum of the areas of the trapezoidal faces. 

In the frustum of a regular pyramid (see 
figure) let S be the lateral surface, let I be 
the slant height, and let p and P be the 
perimeters of the bases. The lateral faces 
are equal isosceles trapezoids with common 
altitude 1. Therefore the area of the sum of 
the faces = S = J (common altitude) (sum of perimeters of the 
bases), or in symbols 

^ = iKp + P). 

Volume analysis. Consider the frustum of any pyramid C'F 
shown in the figure. Denote the volume 

by Vj the area of the lower base by B, f 

the area of the upper base by 6, and /^/|V\ I 

the altitude by h. Complete the pyra- 
mid 0—CDFG of which the frustum C'F 
is a part. > Draw OE perpendicular to 
base Bj cutting base b at E'. Then 
h = EE\ Denote E'O by H. 

Referring to the figure, we write 

Volume C'F = volume 0~CDFG - 

volume O-C^D'F'G'; 




or in terms of the dimensions, we write 


V = iB(h -hH) ~ ibH, 
or 

V - iWh + (P - b)H]. 


( 1 ) 
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By §22j we have 


h m 

5 + hY 


Sohhng this equation for i7, we find 

VB-Vi, 

Substituting in (1 ) this value of H, we get 

„ ir_. hVb 


Bh+ {B - b) 


Vb — 


Simplifying, we have 


[5 + 6 + VM] , 

^ = 


Example. The lower portion of the Washington monument was built 
before the Ci\nl War. This portion is in the 
shape of a frustum of a square pjTamid. The 
altitude of the frustum is 150 ft., and its lower 
base measures 55 ft. on a side as shown in the 
figure. The faces of the monument slope in- 
ward 0.247 in. horizontally in a vertical rise 
of 1 ft. The structure is hollowed out along 
its entire length by a vertical shaft which has 
a uniform square cross section 25 ft. on a 
side. Find how much stone was used in its 
construction. 

Solution, In the figure is shown an axial 
section of the structure made by a plane passed through the axis of 




the solid and perpendicular to a pair of op- 
posite base edges. If we let 2c be the dif- 
ference between the edges of the upper and 
lower bases and a be the length of the edge 
of the upper base, we write 

2c = 55 — a (a) 

Since the monument slopes inward 0.247 
in. horizontally to a rise of 1 ft. vertically, 
we have 



c 


(150) = 3.0875 ft. 
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Solving equation (a) for a and substituting c — 3.0875, we obtain 
a = 55 - 2c = 55 - 2(3.0875) = 48.825. 

Since the upper and lower bases of the frustum are squares, we find 
their areas to be respectively 

6 a® - (48.825)2 

and 

B = (55)2. 

Substituting b — (48.825)2, B = (55)2, ^ 150 in the formula 

F= + 

3 


we find the volume of the frustum to be 


p4S.825)2 + (55)2 H- (55) (48.825) 




150 - 404,710 cu. ft. 


The shaft of the structure is in the form of a rectangular parallele- 
piped of altitude h = 150 and area of base B = (25)2, Substituting 
V = Fi, R — (25)2, and A = 150 in the formula 

V = Bh, 

we get 

Fi = (25)2 (150) == 93,750 cu. ft. 

Therefore the amount of stone used in the construction is 

F - Fi = 404,710 - 93,750 - 310,960 cu. ft. Ans. 


PROBLEMS 

1. A berry box, sold to contain a quart of berries, is in the form of the 
frustum of a pyramid 5 in. square at the top, 4^ in. square at the bottom, and 
2f in. deep. A U. S. dry quart contains 67.2 cu. in. How does the capacity 
of the box compare with this standard measure? 

2. Find the depth of a hopper to hold 15 bu. of grain, if it is to be built 
in the shape of the frustum of a square pyramid with the upper and lower 
bases measuring 7 and 4 ft. on a side, respectively. (A bushel = IJ cu. ft.) 

3. Cleopatra’'s Needle (the Egyptian Obelisk in New York) consists of a 
frustum of a pyramid surmoimted by a pyramid. The frustum has square 
bases. The upper base measures 4 ft. on a side and the 1 ower base measures 
7| ft. on a side. The altitude of the frustum is 61 ft. Find the weight of the 
frustum, if it is made of stone which weighs 170 lb. per cu. ft. 

4. How many cubic yards of earth must be removed in digging an artificial 
lake 15 ft. deep, if the level bottom is a rectangle 180 ft. by 20 ft. and the top is 
a rectangle 216 ft. by 24 ft.? 
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6. A baking pan has a rectangular base 12 in. by 8 in.; the sides and ends 
of the pan slope outward, so that the upper edges measure respectively 13^ in. 
by 9 in. If the depth of the pan is 2 in., jSnd the amount of cake batter 
required to fill the pan to one-half its depth. 

6. The army squad tent shown in 
the figure has a roof with trapezoidal 
sides whose bases form a rectan^e 

ft. by 2 ft. at the top and a rec- 
tan^e 14 ft. by 16 ft. at the bottom. 

If the height of the roof is 8 ft., find 
the surface area of canvas in the roof. 

(Neglect the rounded surface at the 
top and the entrance opening.) 

7. A regular square pyramid has a base whose area is 25 sq. in. A section 
parallel to the base and 3.18 in. above it has an area of 4 sq. in. Find the ratio 
of the volume of the frustum to the volume of the pyramid. 

8. The flowerpot shown in the sketch has 
a uniform thickness of 3 in. and is 1 ft. high. 

Find the amount of material necessary to con- 
struct 1000 such pots. (Neglect the drain in 
the bottom.) 

■*9, A block of granite is in the form of the 
frustum of a regular square pyramid whose 
upper and lower base edges are 3 ft. and 7 ft., 
respectively. If each of the lateral faces is in- 
clined at an angle of 62® 30' to the base, find the volume of granite in the block. 

29. FRUSTUM OF RIGHT CIRCULAR CONE 

Definition. The frustum of a right circular cone is that porUon 
of a right circular cone included hetween the hose and a section parallel 
io the base. 



Properties 

1, The altitude of a frustum of a right circular cone is the per- 
pendicular distance between the two bases. 

2. All the elements of a frustum of a right circular cone are equal. 
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Formulas 

The lateral area of the frustum of a right circular cone is equal 
to one-half the sum of the circumferences of the bases multiplied 
by the slant height. 

Lateral area = | sum of circumferences of bases X slant height. 

S — mean c 1. 

^ c + C, 


The volume of the frustum of any cone is equal to one-third of 
the product of the altitude and the sum of the upper base, the 
lower base, and the mean proportional between the two bases. 


Volume = 


sum of bases + mean proportional 


X altitude. 


V = mean B X h. 

„ (b + B + Vm} ^ 

V = /I. 


Surface analysis. If we complete the cone of the frustum of a 
^ right circular cone and if we slit it 

along an element as shown in the 
figure, the curved surface of the 
frustum develops (unrolls) into the 
/ 1 \ difference of two similar sectors hav- 

C ^ ^ common angle, the arcs of the 

sectors being the circumferences of 
* the bases of the frustum. Denoting 

the radii of these arcs by r and r + Z and using the formula for 
the area of a sector (from §3), we write 


But from Reference 67, §50, we have 

Pii'9 

j s g Cl r 

C2 r V 


r(c2 — Cl) = Ici. 
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Substituting this value of r(c 2 — Ci) in (a), we obtain 
S = 

Volume analysis. Consider the frustum ET of a cone shown in 
the figure. Denote the volume by F, the area of the lower base 
by B, the area of the upper base by b, and the altitude by h. 
Complete the cone O-RSTU of which frustum ET is a part. Con- 
struct the pyramid 0'~R'S'T'U' having its base and altitude 
respectively equal to the base and altitude of the cone. Place the 
solids so that their bases lie in the same plane as shown. Pass a 
plane containing h and intersecting the pyramid in section h\ 
forming the frustum E'T\ From §24, h = h\ 



u 


Pass a second plane parallel to and distant y from the bases of 
the frustums cutting the solids in sections K and iC', respectively. 
Since, from §24, K = K', and since the altitude of each frustum 
is h, it follows from Cavalieri’s theorem that the volumes of the 
two solids are equal. But from §28 the volume of the frustum 

(6 + B 

Hence the volume of ET is 


Example. A reservoir contains 54,000,000 gal. of water when full. 
Find the depth of the water if the reservoir is in the form of the frustum 
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of a right circular cone of upper and lower base radii 200 ft. and 100 ft., 
respectively. 

Solution. The areas of the lower and upper bases h and B (see 

figure) are respectively x(lOO)^ and 
TT (200)2. Denoting the depth of the 
water by A, we write for its volume 



^( 100)2 

But we are given that 

V - 54,000,000 gal. 


V - 

x(lOO) (200) 

54,000,000(231) 




h, 


1728 


cu. ft. 


( 6 ) 


Equating the values of V from (a) and (b), we have 
1728 

98.476 ft. Ans. 


from which we find 


PROBLEMS 

1. Show that the formula for the volume of a pyramid (cone) can be de- 
rived from the formula for the volume of a frustum of a pyramid (cone) if one 
base of the frustum becomes a point. Show also that the volume of a prism 
(cylinder) can be derived from the volume of the frustum of a pyramid (cone) 
if one base of the frustum becomes equal to the other base. 

2. An 80-ft. flagpole has upper and lower diameters of 4 and 16 in., respec- 
tively. Find the cost of painting it at 10 cents per square foot. 

3. The inside diameters of the bases of a flowerpot are 10 in. and 7 in., 
and the slant height is 9 in. How many cubic inches of earth does it contain 
when it is completely filled? 

4. A lamp shade is in the form of a frustiom of a cone with slant height 
7 in., radii of bases 3 in. and 7 in. respectively. How much material is used 
in its construction if ^ in. is allowed for the seam? 

6. A water pail 12 in. high is in the form of a frustum of a cone. If the 
diameters of the bases are 10 in. and 12 in. respectively, find its capacity in 
pints. (One gal. =231 cu. in.) 

6. Find the expense, at 60 cents a square foot, of polishing the curved sur- 
face of a marble column in the shape of the frustum of a right circular cone 
whose slant height is 12 ft. and the radii of whose bases are 3 ft, 6 in., and 2 ft. 
4 in., respectively. 

7. The chimney of a factory is constructed of brick and is surfaced on the 
inside with a heat-resisting mortar. The inner and outer diameters at the 
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bottom are 3 ft. and 8 ft., respectively. The chimney tapers uniformly both 
inside and out, so that at the top the respective diameters are 2.5 ft. and 4 ft. 
If the height of the chimney is 40 ft., find the amount of material 
used in its construction and in addition find the surface area exposed 
to the weather. 

8. A manufacturer has an order for 20,000 megaphones- The 
megaphones, conical in shape, are to be 2 in. in diameter at the 
smaller end, 8 in. in diameter at the other end, and 1 ft. long. If 10 
per cent of the material used in manufacturing them will be wasted, 
how much material should be ordered? 

9. iSTozzles may be used as water-measuring devices the same 
as standard orifices, and are especially useful for that purpose when 
high heads are employed- They may also be used to furnish jets 
at high velocities for fire purposes, for power, or for hydraulic 
mining and similar work. A nozzle which is attached to the end 
of a 4-in. fire hose has a length of 1 ft. and a diameter at the 
discharge end of 1 in. If it has a tmiform thickness of ^ in. and is made of 
brass, find the weight of material used in the manufacture of 1000 such nozzles. 
(Brass weighs 520 lb. per cu. ft.) 

10. At what distance from the base of a right circular cone must a plane be 
passed parallel to the base in order that the volume of the frustum formed shall 
be three-fifths of the volume of the given cone? 

11. Through a given cone, altitude h and base B, two planes are passed 
parallel to the base, cutting the altitude A/3 and f A units from the base. Find 
the ratio of the volumes of the two frustums thus formed. 

12. The frustum of a right circular cone has a slant height of 9 ft., and the 
radii of the bases are 5 ft. and 7 ft. Find the lateral area and the total area. 
What is the altitude of this frustum? Find the altitude of the cone that was 
removed to leave this frustum. Also find in two ways the volume of the 
frustum. 

'A’13* In Prob. 4 find the angle an element makes with the larger base of the 
frustum. 

30. PRISMATOID 

Definitioii. A 'prismatoid is a polyhedron having for bases two 
polygons in parallel planes, and for lateral faces triangles or irape- 



zoids^ with one side lying in one base, and the opposite vertex or 
lying in the other base, of the polyhedron. 
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Properties 

1. The altitude of a prismatoid is the perpendicular distance 
between the planes of the bases. 

2. The mid-section of a prismatoid is the section parallel to the 
bases and midway between them. 

Formulas 

The volume of a prismatoid equals the product of one-sixth the 
sum of the upper base, the lower base, and four times the mid- 
section by the altitude. 

__ ^ sum of bases -|- 4 X mid-'Section 

Volume = X altitude, 

6 

Volume = mean X h. 


Note. The foregoing formula is valid for a much more extensive class of 
solids than prismatoids. (See §§43, 44, 45.) Among these solids are included 
cones, cylinders, and spheres. In fact, the class of solids whose volume can be 
found by means of it is so extensive that the formula finds wide practical appli- 
cation. The formula was first stated by Newton in 1711 and first published 
by James Sterling in his “ Methodus Diiferentialis in 1730. 

Volume analysis. Given the prismatoid GLy shown in the 
figure, in which the upper base, the lower base, the mid-section, 
and the altitude are denoted by 6, Bj 
M, and h, respectively. 

Join any point in the mid-section, as 
O, with the various vertices of the mid- 
section and of both bases by the lines 
OFj OEj etc. Pass planes through 
these lines dividing the solid into pyra- 
mids two of which (P-EFG, 0-HIJKL) 
have a common vertex at O, and have 
as bases h and B respectively, and each 
of the others (such as 0-EIH) has as base one of the lateral faces 
of the prismatoid. The volumes of these pyramids are found 
separately. 

* This is a weighted mean. 
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(a) Volume O-EFG = i(b) = ^ - 

(&) Volume 0-HIJKL = i{B) ^ • 

(c) Volume O-EIH is divided into two parts by 
the mid-section. Since RS, joins the midpoints of 
the sides of EIH, ^ 



= iEIHj and volume iO-EIH. 


But 


h 

Therefore volxmie O- = 4CO-ERS) = 4 ORS. 

In a similar manner the volume of each of the remaining portions 
of the figure not considered under (a) and (6) can be shown to be 
h 

equal to 4 * — times the area of the mid-section included in it. 

D 

Hence, by adding together the portions of the prismatoid not 

considered in (a) and (b), we find their volume to be 4 • — • M. 

6 

Adding the volumes found in (a), (b), and this last result, we get 
- h. This is knovm as the pris-moidal formula. 

6 

Example. A certain 
quartz crystal with plane 
surfaces has the dimensions 
shown in the figure. If the 
upper and lower bases lie in 
parallel planes, find the vol- 
ume of the crystal. 

Solution. The crystal is 
in the form of a prismatoid. 

To form the mid-section 
pass a plane parallel to and 
equidistant from the two 
bases. This section ABODE 
is shown in the sketch of 

the solid and again in the plane of the paper. 


cm. 
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Since the bases and mid-section of the solid are parallel, the plane of 
the mid-section intersects each face in a line parallel to the base of this 
face, since the mid-section is equidistant from the bases of the solid, it 
bisects each edge. Therefore, considering the triangular faces (see 
figure), we find 

DC = i(20) - 10 

and BC = §(8) — 4. 

From the trapezoidal faces, we have 
AB = i(6 -h 8) = 7 

and 

AB 1(16 -f 20) = 18. 

From the figure we see that the area of the mid-section M is the area 
of the rectangle ABCF plus the area of the triangle EDF, Hence 

M = (4) (18) +i(8) (3) - 84. 

The area of the triangular upper base b of the prismatoid is 
6 = 4(16) (6) - 48, 

and the area of the rectangular lower base B is 
B - (8) (20) = 160. 

Substituting h = 21, b — 48, B — 160, and M = 84 in the formula 
r, _(b + B A- AM) ^ 




PROBLEMS 

1. In a certain building operation, it 
was necessary to remove a portion of a 
hill which was approximately in the shape 
shown in the sketch- Lower base is a rec- 
tan^e; upp)er base is a right triangle. AB 
is parallel to DE; and -4C is parallel to DG. 
All face angles at A and at D are right 
angles. Altitude of solid is AD = 240 ft.; 
other dimensions are shown in the sketch. 
Find the amount of earth removed. 

2* A railway embankment across a 
valley has the following dimensions : width 
at top, 24 ft. ; width at base, 66 ft. ; height, 



14 ft.; length at top, 286 ft.; length at base, 210 ft. Find its volume. 
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3 . The altitude of the storage bin shown in 
the sketch is 12 ft. and the bases are parallel 
rectangles having the dimensions indicated. Find 
the capacity. Is this solid a frustum of a pjTra- 
mid? 



12 ' 

4. The bases {AB and CD) of the granite 
block shown in the sketch lie in parallel planes; 
the 12- and 20-ft. edges are parallel; also the 8- 
and 16-ft. edges are parallel. Find the altitude of 
the block, if its volume is 4736 cu. ft. The bases 
AB and CD are rectangular. 

C 

6. The direction of a railroad 
cut is perpendicular to the horizontal 
ridge AB. Assuming the sides of the 
ridge to be plane surfaces making 
equal angles with the horizontal, find 
the amount of earth removed if the 
base is a rectangle, 30 ft. wide by 
400 ft. long, in a plane 60 ft. below 
the line AB; and the sides of the cut are inclined 45“ to the horizontal. 

6. A pde of ore has a rectangular base 60 ft. wide and 500 ft. long. If the 
sides of the pile are all inclined 45“ to the horizontal, and the ore weighs 110 lb. 
per cu. ft., find the number of tons of ore in the pile. 

7 . The railroad fill shown in the figure has sloping sides which rise vertically 
J ft. for each foot horizontally. The top of the fill ABCD is horizontal and the 
ends are vertical. The depth of the fill at each of the points A, B,C, D is indi- 
cated in the figure. Find the cost of making this fill at 75 cents per cubic yard. 
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8. The railroad cut shown in the figure has sides inclined at 45° to the hori- 



zontal. The base of the cut is a horizontal rectangle, and the ends are vertical. 
The depth of the cut at each of the points A, B, C, D is indicated in the figure. 
Find the cost of making the cut at $1 per cubic yard. 

9. Given the prismoidal formula, derive the formula for the frustum of a 
pyramid. 

★10. Solve Prob. 8 if the 
sides of the cut are inclined 
26° 30' to the horizontal. 

★11. The block of granite 
shown in the figure has as 
lower base the horizontal tri- 
angle CDB. The upper edge 
AB is horizontal and point 
D lies in the plane ABC. 

Find the volume. 

★12. In the solid shown 
below each face angle at A 
and B is 90°, AB == 9', vertex E lies in the plane CAD^ and edges DE and 
AC are parallel. Find the volume of the solid. 
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31. TRUNCATED PRISM (OR CYLINDER) 

Definition. A truncated prism (or cylinder) is the portion of a 
prism {or cylmder) included between the base and a plane not parallel 
to the base cutting all the edges {or elements). 

A right truncated prism (or cylinder) is one in which a right 
section is parallel to the base. 



Formula 

The volume of a truncated triangular prism is equal to the 
product of a right section and one-third the sum of the lateral 
edges. 

Volume = right section X average lateral edge 

V = Km 

V = 

where ei, 02, and Os denote the lateral 
edges. 

The volume of any truncated prism may 
be obtained by dhdding the given truncated 
prism into truncated triangular prisms. 

Example. The truncated prism shown in 
the figure may be considered as a right prism 
of altitude h surmounted by a p^-xamid having a trapezoidal base 
and altitude p. Show that the volume of the truncated prism is 
V = area of right section X i the sum of the three edges. 
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Solution. Volume = volume of right prism -f- volume of pyramid 


ivm (h 

Ans. 


PROBLEMS 

1. If each face angle at H is 90®, find the volume 
of the trimcated prism shown in Fig. (a). 

2. The solid shown in Fig. (6) is the frustum of a 
regular square pyramid of altitude 4 in. Point A is 
the midpoint of the line joining the midpoints of the 
parallel sides of face CD. If a right circular cylinder 
of radius 1 in. with its axis perpendicular to face CD 
at ^ is passed through the frustum, find the volume 
cut away. 

Hint. The volume cut away is a truncated cylinder 
which may be considered a cylinder surmounted by 
one-half another cylinder- 


s' 



9 ' 


Fig. (6) 

3. Show that the volume of a truncated prism whose right section is a paral- 
lelogram is the product of its base and its average altitude, or, in terms of the 
notation in Fig.(c) 



4 
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Hint. The prism can be di- 
■vided into two truncated tri- 
angular prisms in two ways (see 
figure). Apply the formula of 
the example to each pair, and 
add the results thus obtained. 
The sum will be twice the vol- 
ume of the given prism. 

4. Fig. (d) represents a trun- 
cated triangular prism. Angle 
D 




BAC — 90°. The lateral edges AD^ BE, CF are perpendicular to the base 
ABC. If AB = 8 in., AC = 6 in., AD = 10 in., BE = 6 in., CF = 8 in., find: 
(a) the lateral area; (h) the total area; (c) the volume; ★(d) angle EDF; 
★(e) the angle ABF; ic(f) the area of triangle ABF. 


32. MISCELLANEOUS PROBLEMS 

!♦ A Dutch windmill in the shape of the frustum of a right circular cone 
is 12 meters high. The outer diameters at the bottom and the top are 16 
meters and 12 meters, the inner diametem 12 meters and 10 meters. How 
many cubic meters of stone were required to build it? 

2. An irregular pile of coal with plane faces is 16 ft. high and covers 600 
sq. ft. of level ground- Its mid-section and level 
top are estimated to contain 400 and 200 sq. ft., re- 
spectively. Find the cost of transporting it at $.75 
per load, if the coal truck holds 110 cu. ft. of coal. 

3. Find the volume of the block of earth shown 
in the sketch. The upper base is a right triangle; 
the lower base is a rectangle. All face angles at A 
and B are right angles. The altitude AB is IS ft. 

The edges BC and AD are parallel, and all the 
faces are planes. 

4. A railway embankment across a valley has the following dimensions: 
width at top, 20 ft.; width at base, 45 ft.; height, 11 ft.; length at top, 1020 yd. ; 
length at base, 960 yd. Find its volume. 

6. A chimney in the shape of a frustum of a regular p 3 rramid is 186.3 ft. 
high. Its upper base is a square 10 ft. on a side, and its lower base is a square 
16 ft. on a side. The flue is of uniform square cross section, 7^ by 7f ft. Find 
the weight of the chimney if the material weighs 112.8 lb. per cu. ft. 
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^ 6. A lighthouse consists of a tall tapering tower con- 
structed of brick and has a circular cross section. The 
tower is surmounted by a conical top consisting of a tin 
roof with an overhang such that the eave is 1 ft. The 
overall height of the lighthouse is 40 ft. and the height of 
the tower 30 ft. Find the area of the brick surface if the 
lower base of the tower is 20 ft. in diameter and the upper 
base 12 ft. in diameter. Also find the amount of roofing 
material used in its construction. 

7. An irregular pile of earth is 15 ft. high and covers 
500 sq. ft. Its mid-section and level top are estimated to 
contain 400 and 200 sq. ft., respectively. Find the cost of removing it at 
60 cents per load, if the truck measures 3 by 4 by 9 ft. 

8. How many cubic feet of metal are required 
to make 1000 funnels such as the one shown in the 
sketch? The metal used is in. thick. (Neglect 
seams, waste, etc.) 

- 9, Find the total area of the frustum of a regular 
square pyramid which is inscribed in the frustum of 
a cone whose upper and lower base diameters are 
4 ft. and 6 ft., respectively, and whose altitude is 
12 ft. 

10. Bunker Hill Monument is a stone structure in 
the form of the frustum of a regular square pyramid whose height is 220 ft. and 
whose base edges are 15 ft. and 30 ft., respectively. Through the center of the 
monument is a cylindrical opening 11 ft. in diameter at the top and 15 ft. in 
diameter at the bottom. Find the volume of stone in the monument. 




11. An excavation 
is 12 ft. deep and 
has trapezoidal sides 
(faces). The upper 
base is a horizontal 
rectangle 400 ft. by 
180 ft., and the lower 
base is a horizontal 
rectangle 350 ft. by 
150 ft. How many 
cubic yards of earth 
were removed in dig- 
ging the excavation? 

12 . Find the vol- 
ume and total area of 
a regular square pyr- 
amid which is cir- 
cumscribed about a 
frustum of a right 



circular cone whose upper and lower base diameters are 7 ft. and 9 ft., respec- 
tively, and whose height is 5 ft. 
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13. In the solid sho-^^m on page 84, edge AB is perpendicular to the bases 
BDC and AEF. Find the volume of the solid, if BD is parallel to AE. 

14. The earth removed from a trench 8 ft. deep, 14 ft. wide at the top, and 
10 ft. wide at the bottom is throTfn up alongside the trench so as to form a 
bank sloping on each side at the same angle to the horizontal. If the height of 
the bank is three-fourths the width of its base, find the height of the bank. 

16. A block similar to the one considered in Prob. 3 has a volume of 2000 
cu. ft. Find its altitude. 

16. The space occupied by the water in a reservoir is the frustum of a right 
circular cone. Each axial section of this frustum has an area of 8800 sq. ft., 
and the diameters of the upper and the lower bases are in the ratio 6:5. If the 
reservoir contains 13,600,000 gal., find the depth of the water. 

17. The cube shown in the figure measures 3 in. on an edge. Each of the 
points A, B, C, D is distant 1 in. from the 

vertex nearest it. Pass planes through (a) ^ ^ £. £ 

point A and edge KNj (b) point B and edge | 

LM, (c) point C and edge ivL, (d) point D ^ 

and edge MN. Find the volume of the largest i 

solid cut from the cube by these planes. 1 

18. Find the difference between the volume j 

of the frustum of a square p^Tamid whose ^ 

lower and upper base edges are 8 and 6 ft., 
respectively, and the volume of a prism of 

the same altitude whose base is a mid-section K N 

of the frustum. 

19. Given the frustum of a pjmamid of altitude h and lower base B. Find 
the volume of a pj'ramid ha\dng as base the lower base of the frustum and 
having its vertex l\fing in the plane of the upper base of the frustum. 

20. The cubical block shown in the figure is 4 in. on an' edge. Cut off the 
comer with vertex 6’’ by sawing along the plane 

determined by points A, B, and E; cut off the ^ 

part with vertex H by sawing along the plane 

determined by points A, D, and F; cut off the 

comer with vertex I by saving along the plane 

determined by points C, E, and F; cut the 

remaining solid into two parts by sawing 

along the plane determined by points A, E, 

and F, and find the volume of the larger of 

these two parts. 

21. If in the frustum of a cone the diameter 
of the upper base equals the slant height, find 

the lateral area (a) if the altitude is 4 in. and the perimeter of a vertical section 
through the axis is 26 in.; (h) if the altitude is 7.2 in. and the perimeter is 
39.2 in. 


22. Given the prismoidal formula, derive the formula for each of the follow- 
ing solids : cylinder, cone, pj’ramid, frustum of a right circular cone. 

23. The frustum of a regular square pj’ramid is shown on page 86. Find 
the area of the section of the frustum formed by a plane containing points 




86 


SOLIDS FOR WHICH V = (mean B)/i 


[Chap. V 


(a) By Ay and C; (6) A, C, and H; (c) A, D, and F; (d) B, G, and D; 
Ce) A, Gy and H. 


B 2' C 



The bases of the frustum of a right circular cone are 6 ft. apart and have 
diameters 5 ft. and 8 ft. Find (a) the volume of the frustum, (b) the vertical 
angle of the cone of which the frustum is a part, (c) the area of the lateral 
surface of the frustum. 
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33. SPHERE 


Definition. A sphere is a solid hounded by a dosed surface every 
point of which is equidistant from a fixed point called the center. 



Properties 

1. Every plane section of a sphere is a circle. If the plane 
contains a diameter of the sphere, the section is a great circle] 
otherwise, the section is a small circle. 

2. The axis of a circle of a sphere is the diameter of the sphere 
perpendicular to the plane of the circle. 

3. The poles of a circle of a sphere are the ends of its axis. 

4. Of two circles cut from a sphere by planes unequally distant 
from the center, the nearer is the greater. 

5. The radius of a great circle is equal to the radius of the sphere. 

6. Two great circles of a sphere bisect each other. 

7. All great circles of a sphere are equal. 

8. Every great circle bisects the sphere. 

9. The intersection of two spherical surfaces is a circle whose 
plane is perpendicular to the line joining the centers of the surfaces 
and whose center is on that line. 

10. A plane perpendicular to a radius at its extremity is tangent 
to the sphere. 

11. The shortest line that can be drawn on the surface of a 
sphere between two points is the shorter arc of the great circle 
passing through them. 
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Formulas 

The area of the surface of a sphere is equal to the area of four 
of its great circles. 

Area = area of 4 great circles. 

S = 

The volume of a sphere is equal to Jtt times the cube of its 
radius. 

Volume — (radiusY. 

V = 

Surface analysis. Consider the hemisphere cut from the sphere 
of center O and radius R. Pass two planes distant y apart and 
parallel to the base of the hemisphere, cutting the hemisphere in 
two small circles of radii r^ and r 2 as shown in the figure. If we 



assume arc DF = chord DF = I (the error introduced by taking 
arc DF - chord DF may be made as small as we please by taking 
y sufficiently small), the surface of the hemisphere included 
between these planes is equal to the lateral surface of the inscribed 
frustum of a right circular cone. This frustum has a slant height I 
an altitude y, and base radii n and Its lateral surface is, by 
§ 29 , 

/^27rr'i + 2-^2\ , 

2 )'■ 
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or 


S - 


( 1 ) 


Let B be the midpoint of chord DF, Then OB is perpendicular 
to chord DF and within the limits of the approximation is equal 
to the radius R of the sphere. Denote tUe radius AB oi the mid- 
section of the frustum by r. Since r is the mid-section of a trape- 
zoid, 


r 


rx -f ro 
2 


( 2 ) 


We observe that, since angles AOB and FDE have their sides 
respectively perpendicular, they are equal and right triangles 
AOB and FDE are similar. Therefore 


or 


R~ I' 
Ry 


(3) 


Substituting in equation (3) the value of r from equation (2), 
we get 


Tx -h T2 _ Ry 
2 ~ I ' 


Substituting this value of ^ in formula (1), we obtain 

S — 27rRy. 

By thinking of a sphere as being formed by an indefinitely large 
number of these frustums, the sum of whose altitudes is 2Rj it is 
e\ddent that the formula for the surface of a sphere of radius R is 

S = 2wR(2R)y 
or 

S = 47rR^. 

Volume analysis. Consider the hemisphere cut from the sphere 
of center O and radius R. Compare this hemisphere with the solid 
w'hich results from removing a right circular cone of base radius 
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R and altitude R from a right circular cylinder of the same base 
and altitude, as shown in the figure. 

Place the two solids so that their bases lie in the same plane. 
Pass a plane parallel to and distant y from the bases, cutting the 



hemisphere in small circle A and the other solid in section 
(area bounded by two concentric circles as shown). Denote the 
radius of circle A by r, the inner radius of section A' by x (the 
outer radius of section A' is obviously R), and write 

A = 7rr2, (1) 

A^ = 7r{R^ x^). (2) 

Since the legs of right triangle CDE are each R, $ — 45®. 
Whence x ^ y. 

Applying the Pythagorean theorem to right triangle 00' B, 
we have 

7*2 = 7^2 _ y 2 ^ 

Substituting this value of in equation (1), and putting x = y 
in equation (2), we obtain 

A = - y2) 

and 

A' - 7r(R^ - y^). 

Prom these equations we have 

A - A'. 

Since the altitude of each solid is equal to R and since A — A', 
it follows from Cavalieri’s theorem that the volumes of the two 
solids are equal. But, denoting the volume of the constructed 
solid by Pi, we have 

volume of cylinder — • volume of cone, 
or 

Vi == (wR^)R - i('jrB^)R = 
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Therefore the volume of the he mis phere is 

Th = 

Hence the volume of a sphere of radius R is 

Example 1. Find the area of a section cut 
from a sphere of radius R by a plane distant 
R/2 from the center of the sphere. 

Solution. The given plane cuts from the 
sphere the small circle of center O' as shown 
in the figure. 

From any point B on the circumference 
of this small circle draw the radius BO' — r, 
and draw the radius of the sphere BO = R. 

The radius OA w^hich passes through O' is perpendicular to O'B. 
Hence angle 00' B = 90°. 

Applying the Pythagorean theorem to right triangle 00' Bj we get 



Hence the area of the smaller circle is 

, „ /rVsY . 

A — Trr" = TTt / = * Ans, 

\ 2 / 4 



Example 2. A sphere of radius R is tangent to the vertical walls 
and the level floor in the corner of a room. What is the diameter of 
the largest sphere that can be placed in the space between the corner 
and the given sphere? 

Solution. In the figure, A represents the corner of the room, ABj 



AC, and AD represent the intersections 
of the walls and floor, and O represents 
the center of the given sphere. 

Since the given sphere is tangent to each 
c of the two walls and to the floor, its dis- 
tance from each of these three surfaces is 
R. Circumscribing a cube of edge 2R 
about the sphere as shown in the figure, 
we observe that OA is one-half the di- 


agonal of this cube and hence by Prob. 1, §8, OA — This 


diagonal OA intersects the surface of the given sphere at point S, 


which is distant R from O. 
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The center, O', of the required sphere lies on the line OA, The 
required sphere is tangent to the given sphere at point S. If we let 
r be the radius of the required sphere, we find by the method used in 
the case of the given sphere, 

O' A = VSr. (a) 

But we also have 

O' A = SA - SO' = (OA - R) - r = VsR - B - r. (b) 
Equating the values of O' A from (a) and (6), we get 
Vsr = VsR — R — r. 

Solving this equation for r, we find 

r = R = (2 — V3)B = 0.26792e. Ans. 

Vs + 1 

PROBLEMS 

1. Show that for a sphere of diameter .Z>, the formula for (a) the area of the 
surface is 

S = 

(b) the volume is 

F = f 1)3 
6 

2. Find the weight of a snowball 4 ft. in diameter if the wet compact snow 
of which this ball is made weighs 30 lb. per cu. ft. 

3. An iron ball 4 in. in diameter weighs 9 lb. Find the weight of an iron 
shell 2 in. thick whose external diameter is 20 in. 

4. The surface of a hemispherical dome whose diameter is 36 ft. is to be 
covered with gold leaf which costs 15 cents per square inch. What must be 
paid for the gold leaf? 

5. A cubic foot of ivory weighs 114 lb. Find the weight of 1000 ivory 
billiard balls 2§ in. in diameter. 

6. A spherical balloon is inflated so that its diameter is 40 ft. Find the 
surface area in the balloon's covering and the volume of the gas. 

7. A steel plant has to fill an order from an automobile manufacturer for 
100,000 steel ball bearings § in. in diameter. What is the total weight of the 
metal required to fill this order, if steel weighs 480 lb. per cu. ft.? 

8. Find the volume and total surface area of the earth. (Consider the 
earth a perfect sphere of diameter 7960 miles.) 

9. An igloo or Eskimo hut is built in the form of a hemispherical shell 
with an inside diameter of 12 ft. If the igloo is constructed of snow blocks 
having a uniform thickness of 2 ft. and weighing 40 lb. per cu. ft., find the 
weight of the igloo, neglecting the entrance. Also, if fresh air contains 0.04 
per cent carbon dioxide, find the amount of this gas in the igloo when freshly 
ventilated. 
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10. A store sells tlie same quality of oranges graded as to size. A grade 
of orange 2§ in. in diameter sells for 35 cents per dozen. ^Vhat should be the 
cost of a grade 2 in. in diameter? 

11. A laj^er of equal spheres is in the form of a square. The spheres are 
arranged so that each sphere is tangent to every one adjacent to it. In the 
spaces between sets of 4 adjacent spheres, other spheres rest, equal in size 
to the original. These spheres form in turn a second layer on top of the first. 
Successive layers of this sort form a pyramidal pile with a single sphere rest- 
ing on top. If the bottom layer contains 16 spheres, what is the height of the 
pile in terms of the common radius r of the spheres. 

12. Find the volume and total area of a sphere which circumscribes a cylin- 
der of revolution whose altitude and diameter are each 6 in. 

13. Find the volume of the largest cube that can be cut from a sphere of 
diameter 5 in. 

14. Compare the volume of a sphere inscribed in a cube with the volume of 
a sphere that circumscribes the cube. 

16. A boy who had discovered that three |-in. marbles fitted snugly into the 
bottom of a cylindrical jar, dropped in a fourth on top of the 
three and poured water enough into the jar to just cover them. 

How much water did he use? 

16. Two balls, one 6 in. in diameter and the other 4 in. 
in diameter, are placed in a cylindrical jar 9 in. in diameter, 
as shown. Find the volume of water necessary to cover 
them. 

17. Find the area of the surface and the volume 
of the sphere circumscribed about a regular tetra- 
hedron of edge 10 in. (see figure). 

18. A cone circumscribes a sphere and has its 
slant height equal to the diameter of its base. 

Show that the volume of the cone is i the volume 
of the sphere. 

19. If in Prob. IS a plane is passed through the 
circle of contact, show that the volume of the cone 
formed is the volume of the sphere. 

A sphere of diameter 1.67 in. rests in a conical wine 
glass whose semi-vertical angle 6 =21®. If the glass con- 
tains just enough wine to touch the bottom of the sphere, 
find the quantity” of vine in the glass. 

21. Each of the twelve edges of a cube of edge a is tan- 
gent to a sphere. Find the volume of that portion of the 
cube which lies outside the sphere. 
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34. TE3RRESTRIAL SPHERE 



1. To find the great-circle distances between points on the 
earth's surface we consider the earth to be a sphere of approx- 
imately 3960-mile radius. More exactly, the radius is such that 
the length of 1 minute of arc of a great circle (1 nautical mile) is 
6080 ft. 

2. The diameter about which the earth rotates is called the 
axis of the earth. 

3 . The extremities of the axis are called the north and south 
poles. 

4 . The equator is the circumference of the great circle which 
is perpendicular to the axis. 

6, Meridians are great circles passing through the poles of the 
earth. Thus all meridians are perpendicular to the equator. 

6. The latitude of a point is its angular distance north or south 
of the equator, measured along a meridian. Parallels of latitude 
are small circles parallel to the equator. 

7. The longitude of a point is the angle at the poles between 
a fixed meridian and the meridian passing through the point. The 
fixed meridian is the meridian of Greenwich, England, or of 
Washington, and is taken as the zero meridian. 

8. Longitude is taken positive to the west and negative to the 
east of the zero meridian from 0° to 180°, or in time units from 
0 hour to 12 hours. 
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36. ZONE 

Definition. A. zone is that 'portion of the gt&r of a sphere 
included between two parallel planes. 



Properties 

1. The circiunferences of the sections made by the planes are 
called the bases of the zone, and the distance between the planes is 
the altitude of the zone. 

2. A zone of one base is a zone one of whose bounding planes is 
tangent to the sphere. 


Formulas 

The area of any zone is equal to the product of its altitude and 
the circumference of a great circle of the sphere. 

Area = altitude X drcumference of great circle. 

Z = 27ri?72. 

Analysis. The analysis of a zone is essentially the same as the 
surface analysis of a sphere. It is left as an exercise for the student 
to write this analysis - 

Example. A spherical ball of radius 3 in. is dropped into a conical 
vessel of depth 8 in. and radius of base 6 in. What is the area of the 
portion of the sphere which lies above the circle of contact with the 
cone? 

Solution. Pass a plane through the axis O'B of the cone, forming 
the section ABA' as shown on page 96. This plane intersects the 
sphere in the great circle O'CC'. 00 = 3 is a radius of this sphere. 
The sphere is tangent to the cone in the small circle CO' whose center 
is D. This circle is the circle of contact between sphere and cone, 
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and is the base of the required zone. The altitude of this zone is 
/i = 3 -h OD. Since the sides of angles OCD and ABO' are respectively 

perpendicular, angles 
OCD and ABO' are equal, 
and right triangles OCD 
and ABO' are similar. 
Therefore 



OD 


6 


(a) 


Applying the Pythago- 
rean theorem to triangle 
BAO' , we have 

AB = 4- 62 = 10. 


Substituting this value of AB in equation (a), we have 


3 10 

or 

OD = 1.8. 

Substituting iS = 3 and A — 3 4“ OD = 3 + 1.8 = 4.8 in the formula 

Z — 2TrRh, 

we get 

Z = 27r(3) (4.8) = 28.87r = 90.478 sq. in. Ans. 


PROBLEMS 

1. Show that the area of a zone of one base (see 
figure) is equal to the area of the circle whose radius is 
the chord c of the generating are AB of the zone. 

2. Show that the areas of zones on the same sphere 
or equal spheres are to each other as their altitudes. 

3 . The altitude of the torrid zone is 3200 miles. 

Find its area, assuming the earth to be a sphere with a radius of 3960 miles. 

4 . A kettle-drum consists of a large bowl of copper with parchment 
stretched over the opening. If the greatest depth of the drum is 2 ft. and the 
outer surface of the copper bowl is spherical with a diameter of 2^ ft., find the 
area of the outer surface of copper. 

5 . A spherical wooden ball 1 ft. in diameter is used as a float for a boat. 
If the ball sinks to a depth of 7 in., find the area of the wetted surface. 

CJ&i- A wooden sphere of radius 15 in. rests in a circular hole in a board. 
The radius of the hole is 5 in. How far below the upper surface of the board 
does the sphere extend? 
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7. A wooden ball 11.15 in. in diameter sinks to a depth of 9.37 in. in water. 
Find the area of the wetted surface. 

8. Find the area illuminated by 
a candle h feet from the surface of a 
ball r feet in radius. How much 
surface is illuminated when a candle 
is 10 ft. away from a ball 5 ft. in radius? 

9. WThat part of the surface of the earth is included between the parallels 
30“ N and 60“ N? 

10. How much of the earth’s surface would a man see if he were raised to the 
height of a diameter above it? 

11. An observer at sea is 30 ft. above the surface of the water. How much 
of the ocean can he see? 

12. A candle is 8 ft. 6 in. from the surface of a sphere 12 ft. in diameter. 
Find the area of the surface illuminated. 

13. The center O of a fixed sphere is on the surface of another sphere of 
center O' as sho’w-n in the figure. Show that the area of 
that portion of the surface of sphere O' which lies within 
sphere O is equal to the area of a great circle of the 
sphere O, provided the radius of sphere O is not greater 
than the diameter of sphere O'. 

★14. A spherical ball of radius 3.5 in. is dropped into 
a conical vessel whose vertex angle is 73® 30'. What is 
the area of the portion of the sphere which lies above the circle of contact with 
the cone? 

36. SPBDERICAT SEGMENT 

DejSnition. A spherical segment is a solid hounded hy a zo7ie and 
the planes of the zone's hases. 
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Properties 

1. The bases of a spherical segment are the sections made by 
the parallel planes. 

2. If one of the parallel planes is tangent to the sphere, the 
segment is called a segment of one base. 

3. The altitude of a spherical segment is the perpendicular dis- 
tance between the bases. 


Formulas 

The area of the surface of a spherical segment equals the area 
of the zone plus the sum of the areas of the bases (or base). 

Total area = {area of zone) -f- (areas of bases). 

T — Z Ai A2^ 

For a spherical segment of one base, A 2 — 0. 

The volume of a spherical segment of two bases is given by the 
following formula. 

V = i^h(Za^ + 3fe2 + 722). 

For a spherical segment of one base, & = 0. 

It is interesting to note that we may think of the volume of 
a spherical segment of altitude h and 
radii a and h as equivalent to the 
volume (see figure) of a sphere of radius 
h/2 plus the sum of the volumes of two 
cylinders whose altitudes are each A/2 
and whose radii are a and 6, respectively. 

Note. The volume of a spherical segment of one base is also given by the 
formula 



This formula is derived in Ex. 1. 

Surface analysis. The surface of a spherical segment of two 
bases is the sum of the areas of its bases plus the area of the bound- 
ing zone. Denoting the areas of the bases by Ai and A 2 and the 
area of the zone by Zj we write 

T = Z Ai -f- ,^4.2- 

For a spherical segment of one base, evidently A 2 = 0. 
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Voltune analysis. Consider the two solids represented by the 
figures below, which are the same as those on page 90. 

Place the two solids so that their bases lie in the same plane. 
Pass a plane parallel to and distant x from the bases, cutting the 
hemisphere in a small circle of radius h and the other solid in a 
section bounded by two concentric circles of radii R and r^. Pass 
a second plane parallel to and distant rc -{- A from the bases, 
cutting the hemisphere in a small circle of radius a and the other 
solid in a section bounded by two concentric circles of radii R 



and 7*2. These planes cut from the hemisphere the segment of a 
sphere AE and cut from the other solid the solid A 'E', which 
consists of a right circular cylinder of radius of base R and alti- 
tude A minus a frustum of a right circular cone of the same altitude. 

From §33, a plane passed parallel to and distant y from the 
bases of the sohds AE and A'E' cuts equal sections from the 
solids. Since these sections are equal and since the altitude of 
each sohd is A, it follows from Cavalieri’s theorem that the volumes 
of the two sohds are equal. 

From §33 angle C'O'F == 45°. Hence rx = x and r 2 ~ + A. 

By construction, 

Volume A'E' = volume of cylinder — volume of frustum 
or 

V = irR^-h - ^{x^+ {x + hy- + xix + A)] 

o 

or 

V = ^ (32= + Zxh + h^). (1) 

o 

But from the figure of the segmentj we write 

2:2 = — 62 ( 2 ) 

and 

(_x+hy = R^-aK (3)' 
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Expanding the left-hand, member of equation (3) and subtracting 
(2) from (3), member by member, we get 

2xh ^ ~ a^. 

Multiplying this equation by 3 and solving for Shx, we obtain 

Shx = 1(62 - - 62). (4) 

Substituting in (1) the value of x^ from (2) and the value of 36a; 
from (4), we get 

V = wR^h - ^ [3(i2= - 62) + 4(62 _ o2 _ ^2) _(- 

o 

or, after slight simplification, 

F = ^ (3a2 + 362 ;j2). 

6 


Example 1. Show that the volume of a spherical segment of one 
base is given by the formula 

V - 6). 

Solution, Right triangle OAB shown in the figure lies in the plane 
of a great circle of the sphere whose center is O. OB — B is the 
radius of the sphere, AB = a is the radius of 
the base of the segment, and 6 is the altitude 
of the segment. 

Applying the Pythagorean theorem to tri- 
angle OAB, we have 


or 

a2 = 2Rh - h\ 



Substituting this value of and 6 = 0 in the formula 


we get 


V = 47r6(3a2 Sb^ + 62), 

V = J7r6[3(2i26 - h^) + 62], 


or 

V = hrh^iSR - h), Ans. 


Example 2. A spherical bowl was filled to a depth of 6 in. with a 
mixture compounded from equal parts of two liquids, one white and 
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the other red. After standing for a short time the mixture separated, 
the red liquid settling below the white. If the thickness of the 
segment of white liquid is 2 in., find the volume of liquid in the bowl. 

Solution. Referring to the figure, we note that the space occupied 
by the total amount of liquid in the bowl 
is a spherical segment of one base whose 
altitude is 6 in., and that the space occu- 
pied by the red liquid is also a spherical 
segment of one base whose altitude is 
72, = 6 — 2 = 4 in. 

Denote by V the volume of the entire contents of the bowl, and 
by Fi the volume of red liquid. Using the formula derived in Ex. 1, 
we write 

y = ^ (3« - 6), (a) 

o 

and 

7r4^ 

Vi = ~ (3S - 4). 

Since we are given that V = 2Fi, we have 

(35 - 6) = 2 (35 - 4). 

Solving this equation for E, we get 



Substituting this value of E in equation (a), we find the volume of 
liquid to be 

— 6~| = 1927r = 603-19 cu. in. Ans. 


PROBLEMS 

1. Show that the volume of a spherical segment of one base of altitude h 
and radius a is equivalent to the volume (see 
figure) of a sphere of radius A/2, plus the 
volume of a cylinder of altitude A/2 and 
radius a. 

2. Show that for a spherical segment of 
one base the total area is T = 

where A is the altitude of the segment and E is the radius of the sphere. 
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3 . The inside of a wash basin is in the shape of a segment of a sphere; the 
distance across the top is 18 in. and its greatest depth is 7 in. Find how many 
pints of water it will hold, reckoning 7.48 gal. to the cubic foot. 

4. A hollow glass bowl in the shape of a sphere of radius 4 in. is filled with 
water to a depth of 3 in. Find the volume of the water. If the water flows 
out through a small hole in the bottom so that the level drops 2 in., how much 
water has escaped? 

. 6. The water in a hemispherical bowl 18 in. across the top is 6 in. deep. 

What percentage of the capacity of the bowl is filled? 

6. A 6-in. spherical float is used as a location mark for a rowboat anchor. 
It floats in salt water. Find the depth to which the float sinks if the material 
of which the float is made weighs 16| lb. per cu. ft. and salt water weighs 63 Ib. 
per cu. ft. 

7 . An experimental laboratory fills 100 globes with a certain gas to inten- 
sify the lighting effect. The space occupied by the gas in each globe is a 
spherical segment of one base the radius of whose 
sphere is 6 in. If the altitude of the segment is 5 
in., find the volume of gas required. 

8. Suppose an orange to be a perfect sphere 
whose diameter is 3 in., and suppose that the skin 
is of uniform thickness i in. and that the juice of 
the orange is uniformly distributed throughout its 
meat. Find the depth of a slice cut from the out- 
side that will contain as much juice as a slice 
whose bases are parallel sections i in. from the 
center. 

9. The center of each of two spheres of radius R lies in the surface of the 
other sphere. Find the volume common to the two spheres. 

10. A gallon of water is poured into a spherical bowl of radius 5.72 in. 
Denote the depth of the water at the deepest point by A, and write an equation 
from which the value of h may be obtained, 
this equation approximately. 

11 . The figure represents two concentric 
spheres of radii a and a — d. PQ and RS 
are parallel tangent planes. HK is a plane 
parallel to PQ and RS, cutting the spheres 
at any position between PQ and RS. Prove 
that the area intercepted on HK between the 
spheres is constant. Hence show that the 
space between the spheres included between 
planes PQ and RS is 

27r(a — d)(2a — ■ d)d. 

Hence prove that the volume of the spherical segment PCQ is 

— d). 

Find the diameter of the surface of the water in Prob. 10. 


Show that h = 4.11 in. satisfies 
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t 37. SPHERICAL SECTOR 

^Definition. A spherical sector is a solid generated by rotoiing 
a sector of a circle about an axis which passes through the cervter of 
the circle but which contains no point inside the sector. 



Properties 

1. The bounding surfaces of a spherical sector are a zone, which 
is called the base, and one or two conical surfaces. 

2. A spherical sector having only one conical surface is called a 
spherical cone. 


Formulas 

The surface area of a spherical sector is equal to the area of the 
zone which forms its base plus the sum of the lateral areas of the 
bounding cones (or cone). 

Total area = zone + lateral area of hounding cones. 

X Z Si S^. 

For a spherical cone, 82 ^ 0 . 

The volume of a spherical sector is equal to one-third of the 
product of the area of the zone which forms its base, and the radius 
of the sphere. 

Volume = ^ zone X radius of sphere, 

V = iZR, 

Surface analysis. In a spherical sector having two conical 
surfaces let T be the total area of the sector, let and S 2 be the 
areas of the conical surfaces, and let Z be the area of the zone which 
forms the base of the sector. The area of the surface of the 
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sector is the sum of the areas of the conical surfaces plus the area 
of the zone, or in symbols 

T = Z Sx-\- ^2* 


For a spherical cone, ^2 == 0. 

Volume analysis. In the figure is shown a spherical cone. The 
radius and altitude of its zone are denoted 
by h and A, respectively, and the radius of 
its sphere by R. Denoting the volume of 
the sector by V, the volume of the cone by 
Vci and the volume of the segment by 
we write 



F = F. + F., 
an equation which is illustrated by the following figure : 


( 1 ) 



sector = cone -|- segment 
The volume of the cone is 


“ h). ( 2 ) 

The volume of the segment (see Ex. 1, §36) is 

F, = lirh^iZR - h). . (3) 

Substituting in (l).the values of. Yc from (2) and V„ from (3)> 
we obtain 

V = - iwhYSR ~ h). (4) 


Applying the Pythagorean theorem to right triangle OAB (see 
figure), we have 

=: R^ - (R - hy = 2Rh - hK 


Substituting this value of 5- in (4) and simplifying, we find 

F == i(2wRh)R. 



SPHERICAL SECTOR 


But the area of the zone of the sector is 


Hence 


-Z = 27rRh. 


y = iZR. 


The volume V of a sector ha\dng two conical surfaces and of 
base Z is the difference between two spherical cones of bases say 
Zi and Z 2 i respectively. Therefore we write 

V = IZiR - 

an equation illustrated by the following figures: 



spherical cone 


spherical cone 


Factoring, we write 


But since Z\ — Z^ ^ Z^ we have 


Example. Find the volume of a spherical cone if the chord of the 
generating are of its zone is 20 in. and the radius of its zone is 4 in. 



Solution. Pass a plane through the axis of the sector OA ~ R (see 
figure), forming the axial section OB AC. Drop perpendicular BK 
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to OA. BK— 4 in. is the radius of the zone. To find its altitude h 
we apply the Pythagorean theorem to the right triangle A KB and 
obtain 

h = - 4® = 2. (o) 

Applying the Pythagorean theorem to right triangle OKB, we have 
- {R - hY - 42 . 

Substituting in this equation h — 2 from (a) and solving for R, we 
obtain 

R = 5, 


Substituting R — 5 and Z — 27r(5) (2) = 207r in the formula 


V - 

we find 

V = i(20x) (5) = = 104.72 cu. in. Ans. 

o 

PROBLEMS 

1. A top is cast in the form of a spherical sector. The slant height of the 
conical portion is 2 in. and the element of the cone is inclined 30° to the axis. 
Find the cost of material in manufacturing 1000 such tops if the material 
used costs 90 cents a cubic foot. 

2. An imitation pearl eardrop consists of a spherical segment which is sur- 
mounted by a cone. The cone and the segment have a common base. The 
slant height of the cone is equal to the radius of the sphere of which the segment 
is a part. Find the amount of material used in manufacturing 100,000 of 
these eardrops if the radius of the sphere is 5 - in. and the altitude of the sur- 
mounting cone is I in. 

3. The lower portion of a perfume dropper is made of solid 
glass and is in the shape of a spherical cone. The altitude of 
the conical part is 2 in., and the radius of the base is i in.; 
find the volume of glass used to make the glass portion of 20,000 
droppers. 

4. A knob on a colonial bedpost is in the shape of a spherical 
cone whose base measures If sq. in., and the radius of the sphere 
from which it is cut is 3 in. Find the volume of wood contained in 
the ornament. 

5. A marline spike, a nautical tool used for opening or 
separating the strands of a rope in splicing, is in the shape of 
a spherical cone the radius of whose sphere isTf ft. and the area 
of whose zone is 1 sq. in. Find the weight of 100 spikes if they are made of 
iron which weighs 450 lb. per cu. ft. 

★ 6 . Solve Prob. 1 if the element of the cone is inclined 33° 45' to the axis. 
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38. MISCELLANEOUS PROBLEMS 


1. Find the volume of the earth’s atmosphere if it extends 50 miles in 
height and the earth is considered a sphere of 3960-imle radius. 

2. What will it cost to gild the srirface of a globe whose radius is deci- 
meters, at an average cost of f cent per square centimeter? 

3. The outside diameter of a spherical copper shell 2 in. thick is 14 in. 
Find its weight if a cubic inch of copper weighs 5.1 oz. 

4. In order to double the capacity of a spherical balloon, by what percent- 
age must the area of the material in its surface be in- 
creased? 

5. A top consists of a spherical segment and a 
cone. If the altitude of the segment is 1 in., the radius 
of the common base 3 in., and the altitude of the cone 
6 in., find: (a) the total surface of the top; (b) the vol- 
ume of the top- 

6. A terrestrial globe is 20 in. in diameter. A 
plane is passed so as to cut from the globe a circular 
section 16 in. in diameter. Find the area of the 
smaller zone determined by this section. 

7. What is the distance of the horizon on a calm sea from a point 25 ft. 
in height, assuming that the line of vision is in a straight line? 

8. To what height must a man be raised above the earth in order to see 



one-fourth of its surface? 

9. A 4-in. auger hole is bored through a 10-in. sphere, 
the axis of the hole coinciding with a diameter of the 
sphere. Find the volume bored out. 

10. The ball of a float valve has a diameter of 4 in., and 
the thickness of the metal is 0.05 in. How much does it 
weigh if it is made of copper? (Copper wei^is 556 lb. per 
cu. ft.) 

11. A factory’s pressure tank rests on the upper base 
of a vertical pipe whose inside diameter is ft. and whose 
length is 40 ft. The tank is a vertical c^^linder surmounted 
by a cone, and it has a hemispherical base. If the alti- 
tudes of the cylinder and the cone are respectively 6 ft. 
and 3 ft. and if all three parts of the tank have an inside 
diameter of 6 ft., find the volume of water in the tank 
and pipe when full. 

12. Four grapefruit (considered spheres) 6 in. in diam- 
eter are placed in a square box w^hose inside base dimensions 
are 12 in. In the space between the first four grapefruit a 
fifth of the same diameter is placed. How deep must the 
box be so that the top will just touch the fifth grape- 
fruit? 

13. A cylindrical post 6.28 in. in diameter is sur- 
mounted by a part of a sphere 5.16 in. in radius, as 
shown in the figure. Find the surface and the volume 
of the part of the sphere used. 
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14, Given a right circular cone of altitude R and radius of base i?, a hemi- 
sphere of radius R, and a right circular cylinder of altitude R and radius i?, 
prove that their volumes are in arithmetical progression. 

16. A hollow sphere of radius R is surmounted by a hollow right circular 
cone. The elements of the cone are tangent to the sphere, and the base of the 
cone is a small circle of the sphere. The vertex of the cone is distant R from 
the surface of the sphere, (a) Find the volume common to the sphere and 
the cone, (b) Find the volume of the cone. 

16. One edge of a cube coincides with a radius of a sphere. If the radius of 
the sphere is R, find the volume of that portion of the cube which lies outside 
the sphere. 

17. Find the volume of the largest right circular cylinder of altitude 8 in. 
that can be cut from a sphere of diameter 12 in. 

18. A slide in a machine is to run on rolling 
balls. The balls run in grooves wdth straight sides 
as shown. The angle of the upper (moving) groove 
is 120°, and that of the lower (fixed) groove is 90°. 

What size balls should be used? 

19. A cone is inscribed in a sphere. It has for 
its base a great circle of the sphere and for its 
vertex a pole of that circle. Find the ratio (a) of 
the total area of the cone to the area of the 
sphere, (b) of the volume of the cone to the volume of the sphere. 

20. A sphere of radius 6.87 in. r^sts in a circular hole of radius 5.13 in. 
How far below the plane of the hole does the sphere extend? 

21. The diameter of a sphere coincides with the axis of a right circular cone, 
and the surface of the cone intersects the surface of the sphere in a great circle. 
Find: (a) the vertical angle of the cone; (b) the volume of the cone; (c) the 
volume common to the two solids; (d) the volume of that portion of the cone 
which lies outside the sphere; (e) the volume of that portion of the sphere which 
lies outside the cone. Denote radius of sphere by R. 

22. Solve Prob. 21 if (a) R = 2; (b) R 3.72. 

23. The center of each of three spheres of radius R lies in the surfaces 
of the other two. Pass a plane containing the centers of the spheres. Find 
the area common to the three great circles cut from the spheres by this 
plane. 

24. A sphere is inscribed in a right circular cone of altitude h and radius of 
base r. Write a formula in terms of r and h for the volume of the sphere. 

26. A right circular cylinder with altitude equal to the diameter of its base 
is inscribed in a sphere, (a) Compare the lateral area of the cylinder with the 
area of the sphere. (6) Compare the volume of the sphere with that of the 
cylinder. 

26. The diameter of a sphere is 18 in. Find the volume of the largest regu- 
lar pyramid of altitude 15 in. that can be cut from the sphere if the pyramid is 
(a) square, (b) pentagonal, (c) hexagonal, (d) octagonal. 

27. The diameter of the base of a right circular cone is 10 in., and its 
altitude is 8 in. Find the volume of the largest sphere that can be cut from 
the cone. 
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28. A right circular cone is inscribed in a sphere whose diameter is f the 
altitude of the cone. Show that the lateral surface and the volume of the cone 
are, respectively, | and of the surface and volume of the sphere. 

29. Compare the volume of a sphere with the 
volume of the circumscribed regular tetrahedron 
(see figure). 

30. Four balls of radius 2 are placed in a square 
box whose inside base edge is 10. In the space be- 
tween these balls a fifth ball is placed. Find the 
minimum depth of the box in order that the cover will 
just touch the fifth ball, if its radius is (a) 3; (Jb) 4. 

31. A spherical ball of radius R is dropped into a vessel in the form of an 
inverted right circular cone. Find the radius and altitude of the cone, if when 
three more balls each of radius R are dropped into it they form a layer on top 
of the first ball such that all four balls are tangent to each other and in addition 
each ball of the upper layer is tangent both to the side and to the top of the 
vessel. 

32. A diameter of a sphere of radius R coincides with an element of a right 
circular cylinder of diameter 7?. For the solid common to the sphere and the 
cylinder, find the area of a section made by (a) a plane containing the a.xis of 
the cylinder and the diameter of the sphere which coincides with the element of 
the cylinder, (6) the plane perpendicular to the axis of the cylinder at its mid- 
point, ★(«) a plane containing the axis 
of the cylinder and perpendicular to the 
plane of (a). 

■^*33. The center of a golfball (see 
figure) is 6 ft. from the center of the top 
of the cylindrical cup of radius f in. 

Within what angle 0 must the ball be 
struck if it is to drop into the hole? 

'A'34. a cylinder of radius a passes centrally through a sphere of radius r. 
Show that the volume removed from the sphere is the difference of two spheres 
one of radius r and the other of radius r cos ff, where sin 6 — a/r. 

★36. A right circular cone vfdth vertical an^e a has its vertex at the center of 
a sphere of radius r. Show that the volume common to the cone and sphere is 
twr^Cl — cos id). 
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VOLUMES AND SURFACES OF REVOLUTION 
POLYHEDRONS 

39. CENTER OF GRAVITY 

For any body there is a point at which the body may be sup- 
ported in any position with no tendency to turn. This point is 
called the center of gravity of the body. 

By considering the point where a body must be held so that the 
body will hang balanced (see figures), one can see by inspection 
that the center of gravity (c.g.) of: 

(а) a straight line seg- 
ment is at its midpoint (see 
figure); 

c.g. c.g. 

(б) a rectangle 
is at the intersec- 
tion of its diago- 
nals (see figure); 

(c) a triangle is at 
the intersection of its 
medians (see figure); 


(d) a circle is at its 
center (see figure). 




40. THEOREMS OF PAPPUS 


First Theorem. The area of any surface generated hy the revo- 
lution of a plane curve about an external axis in its plane is equal 

110 
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to the product of the length of the generating curve and the distance 
its center of gravity moves. 

An axis in the same plane with a curve is external to the curve 
if every point of the curve lies on a given side of the axis or on 
the axis. 

Surface = distance c.g. moves X length of curve. 

S = 

\ 360 '’ J 

where a is the angle in degrees generated by the revolution of the 
line drawn from the axis of revolution to the center of gravity, 
and X is the distance of the center of gravity from the axis. 

Second Theorem. The volume of any solid generated by the 
revolution of a plane area about an external axis in its plane is equal 
to the product of the area of the generating figure and the distance its 
center of gravity moves. 

An axis in the same plane mth a plane area is external to the 
area if no two points of the area are on opposite sides of the axis. 

Volume = distance c.g. moves X area. 

where a is the angle in degrees generated by the revolution of the 
line drawn from the axis of revolution to the center of gravity and 
X is the distance of the center of gravity from the axis. 

Historical Note. This theorem was jSxst discovered by Pappus of Alexandria 
in the third centiiry of the Christian era, but his work was forgotten until the 
sixteenth century, when Kepler and Guldin rewved interest in the subject. 

Kepler succeeded in finding rules for computing volumes of a number of 
solids generated by the revolution of a plane figure. AJl his rules were special 
cases of Pappus’s theorem. However, Kepler never announced the theorem in 
its general form. 

Among the solids treated by Kepler were the torus and two solids which he 
termed the apple ” and “ the lemon.” (“ The apple ” is the solid which is 
formed by revolving a segment of a circle, greater than a semicircle, about its 
chord as an axis. “ The lemon ” is the solid which is formed by revolving a 
segment of a circle, less than a semicircle, about its chord as an axis.) 

Example 1. Find the area of the surface of revolution generated 
by revolving the line MN (see figure, page 112) about the axis AB 
parallel to MN. 
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Solution, The length of the line MN (generating curve) is L 
Eor one complete revolution a = 360°. 

Since MN contains its center of gravity 
and is distant a from AB, x ~ a. 

Substituting x = a, ol — 360°, and 
L ^ lin the formula 

c.g. 

360° , — 

we find 

S = 27raL Ans. 

The student should observe that the 
surface generated in this case is the lateral surface of a right circular 
cylinder of altitude I and radius of base a. 

Example 2. Find the area of the surface generated by revolving 
about the axis AB the line MN shown in the figure. 

Solution, The center of gravity of MN is at its midpoint C. 
Hence CM — From C drop perpendicular CC' to AB, Then 

since the shorter leg of a 30°-60° right triangle is equal to half the 
hypotenuse, we have 

5 = CC' - iCM = ll. 

The length of the line MN (generating curve) is L 1. For one 
complete revolution, a = 360°. Substi- 
tuting X — l/^y a = 360°, and L = I 
in the formula 

360° 

we find 

= — • Ans. 

2 

The student should observe that the 
surface generated in this case is the 
lateral surface of a right circular cone whose semi-vertical angle is 
30° and whose slant height is L 
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Example 3. Find the volume generated by re- 
volving about the line AB the rectangle shown in 
the figure. 

Solution. Since the center of gravit 3 ’' of the rec- 
tangle coincides with the center of the rectangle, 
it is distant from the axis AB. Hence x = Ja. 
The area of the rectangle (generating figure) is 
A — ah. For a complete revolution, a = 360®. 

Substituting 5 = o: = 360®, and A — ah in 
the formula 



we find 

V = (27r) (§a) {ah) = 



Ans. 


The student should observe that the solid generatt 
a right circular cylinder of altitude h and radius of bs 

Example 4. Find the distance of the center 
of gravity of a semi-circular area of radius r from 
its. diameter. 

Solution. When the semicircle is revolved 
about its diameter through an angle a = 360®, 
a sphere of radius r is generated (see figure). 
The area of the semicircle (generating figure) is 
A = l-Trr-; the volume of the sphere (generated 
solid) is F — 

Substituting V = #xr^, a — 360°, and A — 
in the formula 


we obtain 


F = (—27rx\A, 
V360® / ' 

tTrrS = (27r) {x) dxr"). 



Solving this equation for x, we find 

_ 4r . 

X = — • Ans. 

3x 

Example 5. Find the distance of the center of gravity of a semi- 
circular arc of radius r from its diameter. 

Solution. When the semicircular arc is revolved about its diameter 
through an angle a = 360®, the surface of a sphere of radius r is gen- 
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erated (see figure). The length of the semicircular arc (generating 
curve) is L = xr; the area of the spherical surface (generated surface) 


is S ^ 4xr^- 



Substituting S = 4xr2, a = 360'’, and L ttv 
in the formula 

-s = 

\360° / 

we obtain 

_ {2'ir) (x) (jrr). 

Solving this equation for x, we find 
X = — • Ans. 


PROBLEMS 

In the following problems cross section means axial section. An axial 
section is a section made by a plane containing the axis. 

1 . Wedding rings a few years ago were merely plain bands of gold with an 
approximate cross section of xf-g^ sq. in. In a certain size ring the center of 
the cross section is fg- in. from the axis of the ring. Find the amount of gold 
used in 50,000 such rings. 

2. A centrifugal water turbine has a protective circular covering in the 
shape of the surface of a torus 2 ft. in diameter encasing its entire outer rim. 
If the center of the cross section is 10 ft. from the center of the wheel, find the 
volume enclosed by the casing, neglecting the portion cut away for fitting 
purposes. 

3 . An inflated tire tube has a cross section, uniformly circular, of 4 in. 
inside diameter. The distance of the center of the tube’s cross section from 
the axis of the wheel for which it was made to fit is 14 in. Find the amount 
of air in the tube, and also, if the rubber is f in. thick, find the outer surface 
area of the rubber. 

4 . The cross section of the rim of an iron flywheel 3 ft. in diameter is a rec- 
tangle 12 in. by 2 in. How much does 
the rim weigh? (The iron weighs 450 lb. 
per cu- ft.) 

6. An anchor ring is formed by re- 
volving a circle 3 in. in diameter about 
a line lying in the plane of the circle and 
at a distance of 10 in. from the center. 

Find the volume of the solid formed. 

6. A vertical 3-in. steam pipe is 
turned so as to eventually run horizontally. The path of the center of the pipe 
follows along the arc of a circle whose radius is 8 ft. If the steam pipe is i in. 
thick and if it is covered with a coating of asbestos 2 in. thick, find the amount 
of asbestos coating in the turn. (A S-in. pipe is a pipe which has an inside 
diameter of 3 in.) • 
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T. In passing an obstruction tlie center of a steel aqueduct follows along an 
arc of a circle whose radius is J mile, and the direction of the center is changed 
by 20®. The aqueduct has a uniform cross section whose inside diameter is 
4 ft. Find the volume of water in the turn if the aqueduct is running fuU. 

8. Find the position of the center of gravity of the area of the quadrant of a 
circle of radius r. 

9. Find the position of the center of gra\nty of the 
arc of the quadrant of a circle of radius r. 

10. For the triangle shown, find the distance of the 
center of gravity above the 4-ft, base- 

11. Find the position of the center of gravity of 
the sector of a circle of radius r if the central angle of 
the sector is 30®. 

12. Find the position of the center of gravity of the 



trapezoid shown in the 


figure. 

13. Prove by means of the First Theorem of 

Pappus that the area of a circle is , where d 

4 


is the diameter. 

14. Find the position of the center of gravity 
of an arc of a circle of radius r if the central 

angle subtended by the arc is 60®. * 

15. A square and an equilateral triangle having their bases in the same 
straight line are circumscribed about a circle of radius c. The whole figure is 
then revolved about an altitude of the triangle. Find, in 

terms of ai (a) the sum of the areas of the three surfaces 
generated, (6) the sum of the volumes of the three solids 
generated. 

16. An equilateral triangle is circumscribed about a 
circle of radius r and the figure is revolved about an alti- 
tude of the triangle as an axis. Show that {a) the surface 

generated by the revolution of the arc of the circle is two-thirds the lateral 
surface generated by the revolution of the triangle, (b) the volume generated 
by the revolution of the semicircular area is four-ninths the volume generated 
by the revolution of the triangle. 

17. A segment of a circle of radius R is bounded by an arc equal to i the 
circumference of the circle. Find the volume of the solid generated by revolv- 
ing this segment about its chord as an axis. (This solid is known as Kepler's 
lemon.) 


41. POLYHEDRONS 

Definition. A polyhedron is a solid hounded 
by polygons. 

Properties 

The edges of a polyhedron are the intersec- 
tions of the bounding planes. 
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The faces are the portions of the bounding planes included by the 
edges. 

The vertices are the intersections of the edges. 

A diagonal of a polyhedron is a straight line joining two vertices 
not in the same face. 

Definition. A convex polyhedron is a polyhedron every section 
of which is a convex polygon. 

Regular Polyhedrons 

Definition. A regular polyhedron is a polyhedron all of whose 
faces are equal regular polygons, and all of whose polyhedral 
angles are equal. 

There are only five regular polyhedrons, namely : 



Regular Cube Regular Regular Regular 

Tetrahedron Octahedron Dodecahedron Icosahedron 


Certain properties of regular polyhedrons are given in the table 
on page 117. In this table we denote the number of faces by F, 
number of edges by E, number of vertices by v, area of face by B, 
radius of inscribed sphere by r, and the length of an edge by e. 


Formulas 

Total area — number of faces X area of one face. 

T = FB. 

Volume = § number of faces X face X radius of inscribed sphere. 

V = 

Historical Note. Pythagoras knew about the existence of aU the regular 
polyhedrons except the dodecahedron. This was discovered in 470 n.c. by 
Hippasus, who having boasted of his discovery was drowned by the other 
P37thagoreans. The regular polyhedrons were supposed to have certain magi- 
cal properties, and their study was greatly emphasized. 
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Polyliedron 

P : « B 

T 

Volume 

< 

Tetra] 

bedron 

4 

! 

6 

4 



V 2 

Hesa 

(cu 

ledron 

be) 

6 

12 

S 


e 

2 


Octahedron 

8 

12 

6 

ie^VS 

|e 

Ie® V 2 

Dodecahedron 

12 

30 

20 

ie- t A + ^ 
V 5 — \/5 

j25 + llVl 
V 40 

Y (15 + 7. Vs) 

4 

Icosahedron 

,20 

30 

1 

i 

12 

ie- V3 

^l/" +3 Vs 

V 24 

■i^e^ (3 4“ -s/s) 


Stirface analysis. Since a regular polyhedron has F faces, the 
total area is equal to F times the area of one face. 

Volume analysis. Consider any regular polyhedron of F faces 
in which is inscribed a sphere of center O and radius r. Divide this 
polyhedron into pyramids by planes each of which passes through 
an edge of the polyhedron and all of which contain the center O. 
Each of these pyramids has as altitude the radius r of the inscribed 
sphere and as base B a face. of the polyhedron- Hence the volume 
of one pyramid is ^Br. Since there are F pyramids, we write for 
the volume of the polyhedron 

V = iFBr. 

Example. Each corner of a hexahedron (cube) of edge 3a is cut 
off by a plane intersecting three concurrent edges at points each 
distant a from the vertex of the corner. Find the volume of the solid 
formed. 
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Solution. Each of the eight corners cut from the cube is a tri- 
angular pyramid such as O-ABC shown in the figure. Consider ABC 
as the base and 0 as the vertex of this pyramid. Since ABC is an 
isosceles right triangle of leg a, the 



Area of ABC = 


(a) {a) __ 

^ __ ^ . 


The altitude h of the pyramid is OB = a. 


Substituting B = and h ■■ 

2i 

V = i-Bh, 


a in the formula 




(a) = 


Therefore the volume of the eight corners cut from the cube is 



But the volume of the given cube is 

V 3 = (3a)3 = 27as. 


Hence for the required volume, we have 

4 77a® 

Vs - V 2 = 27a® -|a® = Ans, 

3 3 


PROBLEMS 

1 . For each of the regular polyhedrons verify the formula B — v B ■— 2 
by substituting for B, V, and B the values given in the table on p. 117. This 
formula is true for all convex polyhedrons. 

2. Verify each of the values given in column B of the table on p. 117. 

3. Substitute in the formula V = \BBr the values of B, B, and r given in 
the table on p. 117 to verify the entries in the column headed Volume. 

4 . Find the radius of the sphere inscribed in a regular icosahedron whose 
volume is 24 cu. in. 

6. If a regular tetrahedron and a regular octahedron have the same edge, 
show that the volume of the octahedron is four times the volume of the tetra- 
hedron. 

6. If a regular dodecahedron and a regular icosahedron have the same edge, 
compare (a) their surface areas, (Jb) their volumes. 

7 . How many glass paper weights each in the shape of a dodecahedron 1 in. 
on an edge can be manufactured by melting 1000 glass paper weights each in 
the form of a cube 2 in. on an edge? 
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8. Verify the value of r in the table on p. 117 for (a) a regular tetrahedron 
and (6) a regular octahedron without taking the values listed in the columns 
headed B and Volume. 

9. Using the following directions, construct sohds representing the five 
regular polyledrons: 

Directions for construction. Mark on cardboard larger figures similar to the 
drawings. Cut along the full lines. Fold along the dotted lines so as to form 
the figures. Paste strips of paper along the edges. 






10. A certain polyhedron whose shortest edge is 2 in. weighs 40 lb. 
the weight of a similar polyhedron whose shortest edge is 5 in.? 

-^11. Find the number of degrees in a ^ 

dihedral angle of a regular tetrahedron. 

12. How many diagonals can be drawn in 
a regular octahedron? 

13. The figure represents an - octahedron 
with diagonals AC = 16 in., EF = 12 in., 

BD == 8 in. Find the total surface and vol- 
ume. The diagonals are mutually’ perpen- 
dicular, and the point of intersection is the 
midpoint of each diagonal. 


What is 
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42. SECTION OF A GENERAL PRISMATOID 

Definition. A general prismatoid is a solid such that the area of 
Wy section, say Ay, parallel to and distant y from a fixed plane can 
be expressed as a polynomial in y of degree not higher than the 
third. That is, a solid is a general prismatoid if 

Ay = ay^ + & 2/2 + oy + d, 

where a, fe, c, and d are constants which may be positive, negative, 
or zero. 

Inasmuch as all the solids of Solid Mensuration, and many 
others considered in advanced mathematics, are such that Ay is ex- 
pressible as a polynomial in y of degree not higher than the second, 
we shall confine our discussion to prismatoids for which 

Ay = ay'^ + hy + C, 

For example, consider a prismatoid 
with its lower base L lying in the fixed 
plane CD (see figure). Then the area 
of a section Ay parallel to the base L 
and distant y above it will be 

Ay = ay^ + hy + L. 



Example 1. For the hemisphere shown in the figure, find the value 
of Ay where y is the distance from the base of the hemisphere. Also 
find the area of the mid-section parallel to the base. 

Solution. Let the base of the hemisphere be in the fixed plane. 



Then Ay is any section parallel to and distant 
y from this plane. Denote by r the radius 
of this section. From right triangle OAB, we 
have 

= 2^2 _ y2 


Ay — TTT^ = Ans. 

120 


Therefore 
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R 

Substituting in this equation y = — ^ we find the mid-section 


3/ = = 7iR- 


(I)’"* 


ttR^. Arts. 


PROBLEMS 

1. For each of the following solids verify the value of Ay given and find the 
area of the mid-section parallel to the base. The letters Z7, L, and h in these 
formulas denote upper base, lower base, and altitude, respectively^ 

(a) Prisms, cylinders. Ay — L. 

(h) Right triangular prism in which an edge is taken as lower base and the 

ir(Ji _ y) 

opposite face as upper base. Ay — , where y is the distance from the 

h 

upper base. 

(c) Pyramid. 


Lit 

■ » where y is the distance from the vertex. 


id) Cone. 


TTT^ <> 

Ay = — -y y ~3 where y is the distance from the vertex. 
hr 


(e) Sphere. Ay =■ 27rRy — ttz/-, where y is the distance from the plane 
parallel to the base and tangent to the spherical surface. 


where y is the distance from the lower base L. 


(J) Frustum of pymamid. 


(g) Frustum of cone. Ay = tt ri‘ 


y is the distance from base of radius ri. 

(A) Segment of sphere of two bases and of altitude A. 

r - , (a- + h- - b-) 


A 


VL - vz\ 

\ 

►w 

[■ 

iii 

— w 


7*1 (^2 — ri) 




y A- L, 


where 


here y is distance from the base of 


radius h. 

2. Prove that, if in a general prismatoid y is measured from a plane d units 
from the fixed plane, Ay is still a polymomial in y of not higher than the second 
degree. Show also that the coefficient of y^ is unchanged. 

3. If a solid has a square for upper base, a rectangle for lower base, and 
isosceles trapezoids for faces, find Ay in terms of the distance from the lower 
base. 

4. The bases of a solid are perpendicular to a lateral edge. The upper base 
is a right triangle, the lower base is a square, and the faces are triangles and 
trapezoids. Find Ay in terms of the distance from the lower base. 


43. PRISMATOID THEOREM 

'^Tlne volume of a prismatoid is equal to the algebraic sum of the 
volumes of a pyramid, a wedge, and a parallelepiped. 
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I V 

./^Analysis. Consider the prismatoid (see figure) of upper base U, 
Lower base L, and altitude h, for which section 

Ay = dLi ay^ :±:by A- L, ( 1 ) 

where y is the distance from base L, Substituting y = in (1), we 
get 

U == Ak^ :A:ah^ :^hh-^L. (2) 


Now construct a pyramid (see figure) of base Ux = ah^ and of alti- 
tude h; a wedge (right triangular prism standing on lateral edge) 



of altitude h and of base h by h) and a parallelepiped of altitude h 
and of base L. Place these solids so that the vertex of the pyra- 
mid, the edge of the wedge, and the lower base of the parallele- 
piped lie in the plane containing the base L of the prismatoid and 
bases Z7i, and L lie in the plane of base U as shown- Denote by 
Ai, A 2 , and A 3 the sections cut from the pyramid, wedge, and 
parallelepiped, respectively, by the plane containing section Aj, of 
the prismatoid. 

Considering the pyramid, we have from the theorem for similar 
figures, § 22 , 

Ux 


or 


Ai 


Uiy^ ah^^y^ 
^ 


(3) 


and considering the wedge, we have from similar triangles 


X 

y 


b 

or ^ 


h ’ 


Therefore 


A2 = x/i = by. 


(4) 
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Also we note that 

A, = L, (5) 

Substituting in (1) ay- = Ai from (3), by == Ao from (4), and 
L = Az from (5), we have 

Ay — ±-4i dr A» -f- Az, (6) 


whence in accordance with Cavalieri’s theorem the volume of a 
prismatoid is equal to the algebraic sum of the volumes of a pyra- 
midj a wedge, and a parallelepiped, or 

V - d=:iah? dr ihh^- + Lh, 


where is the volume of the pyramid, ^hh- is the volume of the 
wedge, and Lh is the volume of the parallelepiped- 


^ 44. PROOF OF THE PRISMOIDAL FORMULA 

In the preceding article we foimd the volume of the prismatoid 
to be 


V = iah^ A- + Lh, 


( 1 ) 


where a and h are constants which are positive, negative, or zero. 
We shall now show that this can be transformed into the familiar 
prismoidal formula of §30. 

Factoring out A/6 from the right-hand member of (1) and trans- 
forming the resulting terms, we have 


r-ll 

= ~{iaV + 671 + i) + (aA= 
6 


2hh A-AL) A-L] 


But since Ay ~ ay^ A- by A- L, we have . 
ah- A- bh A- L = Ah = U, and a ^ + b ^ + L 


= Aft = M. 
2 


Hence 


F - (C7 4- L + 4M). 

6 
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This remarkable formula may be used, in general, to find not 
only all the areas and volumes of plane and solid geometry but 
a great many others besides. It can be used to get a close 
approximation to most of the physical quantities that are used 

Example 1. The solid shown in 
the figure has an elliptic base per- 
pendicular to the axis CD and has 
an altitude h. If the area of any 
section parallel to the base is pro- 
portional to the distance y from the 
vertex D, that is Ay = ky, find the 
volume of the solid. (This solid is 
called a segment of an elliptic parab- 
oloid.) 

Solution. Since Ay ~ ky, we have 

L == Ao = 0, M = An == k , and U ^ An = kh. 

Substituting these values of L, Af, and U in the prismoidal formula, we 
have 

V = - {kh + 0 + hkh) = kkh\ Ans. 

® i 

Example 2. A solid has a circular base of diameter R. The line AB 
is a diameter of the base. Find the volume of the solid if every section 
perpendicular to AB is a right triangle of base c and altitude me. 

Solution. Let y be the distance from A to section Ay. From the 
figure we write 

Ay = ie(mc) 

and from plane geometry (Reference 64, §50) we have 

(Sj 

or 

^ = 2Ry - 2y^ 

But 

. mc^ 



in engineering science. 
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Therefore 

Ay — 2?7iRy — 2my-, (a) 

Therefore the solid is a prismatoid. 

Consider vertices A and B as bases of this solid. Then in the 
formula 

1/ = 0 and L — 0. 

To find the mid-section M substitute y = R/2 in (a) to obtain 


M = . 4 « 


mR- 

2 


Whence, substituting these values of U, L, and M in (5), we get 
V = imR^. Ans, 


PROBLEMS 


^1, Find the volume of a general prismatoid (a) whose altitude is 2 , and for 
which Ay = 15 + oy — 82 /“, ( 6 ) whose altitude is 3, and for which Ay = 9y + 
4,y^j where y is the distance from the base of the prismatoid. 

2. Find the volume of a sphere of radius R for which Ay = 27 rRy — iry-, 
where y is the distance from a plane tangent to the sphere. 

3. A segment of one base of a sphere of radius R has an altitude k. Find 
its volume, using the value of Ay in Prob. 2 . 

4. Find the volume of a spherical segment of one base if its altitude is h 
and its base radius is h. See Prob. Ih, §42. 

5. Find the volume of the spherical segment of altitude h and of base radii a 
and h. See Prob. Ih, §42. 

6 . If R and r are respectively the radii of the larger and smaller bases of the 


frustum of a cone of altitude h, show that Ay 




where y is 


the distance from the smaller base. Find 
the volume of the frustum. 

7. The segment of a paraboloid of 
revolution (see figure) is a solid in which 
every section parallel to the base is a circle 
the radius of which is the mean propor- 
tional between the distance y from the 
vertex and the radius of the base. Find 
the volume of the segment of altitude h 
and base radius h ii h — h, 

8 . Using the prismoidal formula, de- 
rive the formula for the volume of each of the follovdng prismatoids : {a) pyr- 

* ami d, ( 6 ) cone, (c) sphere, (d) segment of a sphere, (e) frustum of a pj^ramid. 
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9. For the solid shown in the figure every 
section perpendicular to the axis IDM is an ellipse 
V^\ 

of area Ay ^ s > where M = Trab is the 


mid-section, y is the distance of Ay from M, and 
c = \I>E. Find the volume of the solid. (This 
solid is called an ellipsoid.) 

10. In a cone of altitude h and elliptic base 
By every section parallel to the base has an area 

Ay — y where y is the distance from the ver- 


tex to the section. Find the volume of the cone. 
(This solid is called an elliptic cone.) 


D 



11. For the solid shown in the figure every 
section perpendicular to the axis DE is an el- 

Upse of area + (4M -B)~. 

h h 

where B — Trah is the upper base, M is the 
mid-section, y is the distance from D to Ay, 
and h — DE is the altitude. Find the volume 
of the solid. (This solid is called a segment 
of an elliptic hyperboloid of two sheets.) 



12. For the solid shown in the figure every 
section perpendicular to the axis DE is an 

ellipse of area Ay ~ (B — M) -f- M, where 

h 

B — 7rai6i is the area of the upper base as 
weU as that of the lower base, M = Trab is the 
area of the mid-section, y is the distance from 
O to Ay y and h = ^DE is one-half the altitude. 
Find the volume of the solid. (This solid is 
called a segment of an elliptic hyperboloid of 
one sheet.) 



13. A variable rectangle generates a solid by moving from a fixed point and 
keeping parallel to its first position. One side of the rectangle is equal to the 
distance the rectangle moves from the fixed point, and the other side is equal to 
twice this distance. What is the volume generated while the rectangle moves 
a distance of 2 ft.? 
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A wedge (see Fig. (a)) is cut from a C 3 'Under of radius 5 in. by two planes, 
one perpendicular to the axis of the cv-iinder and the other passing through a 
diameter of the section made by' the first plane and inclined to this plane at an 
angle of 45®. Find the volume of the wedge. 



A solid has a circular base of radius 20 in. Find the volume of the solid 
if every plane section perpendicular to a certain diameter is 
(a) an equilateral triangle (see Fig. (5)); 

(5) an isosceles right triangle with its hypotenuse in the plane of the base; 

(c) an isosceles right triangle with one leg in the plane of the base; 

(d) an isosceles triangle with its altitude equal to its 
base; 

(e) a square. 

'•''^6. The base (see figure) of a certain solid is a quarter 
circle of radius 10 in. Every’ section parallel to one face 
is a right triangle, whose altitude is 1.6 times its base. 

Find its volume. 

17. The base of a certain solid is a circle of radius r. 

If all sections perpendicular to a fixed diameter of the 
base are (a) squares, (6) isosceles right triangles, find the 
volume of the solid. (These solids are called conoids.) 

^""18. For the solid sh own, in Fis^ (c) every section perpendicular to edge 
CD is a circle of diamete^pOy — where y is the distance of the section from 
C. If the altitude DC of the solid is 4, find its volume. 




19. For the solid shown in Fig.(d) every section perpendicular to edge CD 
is a circle. If arc CD is a semicircle of diameter 2R, find the volume of the solid. 
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The base of a certain solid is a triangle of base h and altitude h. If all 
sections perpendicular to the altitude of the triangle are regular hexagons, find 
the volume of the solid. 

21. Two cylinders (see figure) with circular bases have a common upper base 
and tangent lower bases. If the radius of each 
base is 10 in. and if the altitude of each solid is 
20 in., find the volume of the part common to the 
two cylinders. 

*^^22. The center of a square moves along a 
diameter of a given circle of radius a, the plane 
of the square being perpendicular to this diam- 
eter, and its magnitude varying in such a way 
that two opposite vertices move along the circumference of the given circle. 
Find the volume of the solid generated. 

23. Two cylinders (see figure below) of equal radius r have their axes 
meeting at right angles. Find the volume of the common part. 




24. Show that the solid rep- 
resented in the figure is a pris- 
matoid. MQ is a plane and RT 
is a plane perpendicular to 
The warped surfaces MS and 
RQ are generated by moving 



straight lines that remain parallel to the base plane MRN. 



26. Find the volume of the prismatoid shown in the figure. 
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26. The figure represents a solid cut out of a circular cylinder of radius 
and altitude h. O is on the axis of the cylinder, 
the semicircular base ABD is perpendicular to the 
axis, and ABC is a plane section. Find the vol- 
ume of the solid. 

27. By means of the prismoidal formula, derive 
a formula for the area of a (a) square, (6) rectangle, 

(c) parallelogram, (d) triangle, (a) trapezoid. 

28. By means of the prismoidal formula, derive 
a formula for the area of the lateral surface of a 

(a) cube, (6) rectangular parallelepiped, (c) right cylinder, {d) right prism. 



46. APPLICATION OF PRISMATOID THEOREM 


It is interesting to note that the volume of a prismatoid may be 
found by direct application of the prismatoid theorem of §43. 
Thus after finding 


we write 


Ay = ay- hy L 
Ah = aJi^ ~f" -f" L. 


We may think of the terms in the right-hand member of this 
equation as the areas of the bases of a pyramid, a w’edge, and a 
parallelepiped, respectively, of common altitude 7i, and write for 
the sum of the volumes of these solids 

V = iah^ -f ibh -f Lh. 

Example. If the area of a section of a prismatoid at a distance y 
from the base is 

Ay = 10 — 4^ -h Qy- sq. in. 

and the altitude is 5 in., find the volume. 

Solution. Since 

Ay = 10 - Ay A- 6y-, 


the volume of the prismatoid may be thought of as the algebraic sum 
of the volumes of a parallelepiped, a wedge, and a pyramid, with a 
common altitude h and with bases 10, (4) (5), and (6) (5)-, respec- 
tively. Therefore 


F = (10) (5) - 


4(5)2 


6(5)^ 


2 


3 


= 250 cu. in. Ans. 
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PROBLEMS 

1. Using tiie method of this article, solve Probs. 1 to 27 of §44. 

2. Prove that the volume of a prismatoid of altitude h is equal to the sum of 
the volumes of a frustum of a pyramid and a prism each of altitude h. When is 
the volume of a prismatoid equal to the volume of the frustum alone? At 
what distance from the base of the frustum is the vertex of the pyramid? 

3. By means of the calculus (a subject in advanced mathematics), it can be 
shown that the volume of a solid whose altitude is h and for which Ay = ay^ is 

equal to the volume of a prism of altitude h and base * Using this fact, 

n + 1 

show that the volume of any solid whose altitude is h and for which Ay — 
ay^ 4- hy^ cy + Lis equal to the sum of the volumes of a prism, P5rramid, 
wedge, and parallelepiped. Also show that the volume of this solid can be 
foimd by the prismoidal formula. 


Write Ay — ay^ hy L 



CHAPTER IX 
SUMMARY AND REVIEW 
46. SUMMARY OF FORMULAS 

The following list is a summary of all the formulas we have used 
in the mensuration of solids. 


VOLtTMES 

Cube Rectangular Parallelepiped 



Volume = base X altitude. 
V = Bh, 


Pyramid 


Cone 
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Truncated Triangular Prism 



V = iirh^ (BR - h), 

V = l^ie^ V = i^hCBa^ + 3b2 _j- h^), V = iZR. 


Volumes of revolution 

V = { -^ 2irx)A. 

\360° / 

X = distance from axis to c.g. of area; 

<x = angle in degrees through which area revolves; 
A = generating area. 


AREAS 

The total area of any solid is the sum of the areas of its hounding surfaces. 
The lateral area of a solid is its total area minus the area of its bases (or base). 

Sphere Zone 

S = 4iri?2. ^ = 2:n-Rh. 



Surfaces of Revolution 

S = (^^27rx) L. 

\360® / 

X — distance from axis to c.g. of curve; 
a = angle in degrees through which curve revolves; 
Ij = length of generating curve. 
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47. REVIEW PROBLEMS 

1. Eind the weight of a brass water pipe 20 ft. long whose inside diameter 
is 1.5 in. and whose thickness is J in., if brass weighs 520 lb. per cu. ft. 

2. The great Chinese wall is said to be 1500 miles long, 20 ft. high, 15 ft. 
wide at the top, and 25 ft. wide at the bottom. If it were possible to build 
with this material a wall around the earth at the equator, of a uniform thick- 
ness of 4 ft., how high could it be made? (The equator is appro.ximately 24,900 
miles long.) 

3. Two spheres of lead, of radii 2 and 3 in., respecth'ely, are melted into a 
cj'linder of revolution of radius 1 in. Find the altitude of the cylinder. 

4. ; In Fingal’s Cave, on the Island of StaJffa (Hebrides, Scotland), the walls 
are formed by basaltic prismatic columns varj^ing in height from 18 to 36 ft. 
These columns, mostly hexagonal, are so perfect as to suggest the hand of 
man. One of the vertical columns is 29.3 ft. in height 
and has a base of 4.7 sq. ft. What is its volume? 

6. If the gra\nty dam whose cross section is 
shown in the figure weighs 150 lb. per cu. ft., find the 
total weight of a section of the dam 50 ft. long. 

6. A light is placed 5 ft. from the center of a 
globe 3 ft. in diameter. Find the area of the illumi- 
nated portion. 

7. If a piece of brass S by 6 by 12 in. is 4rawn 
out into a wire in. in diameter, what will be the 
length of the wire? 

8. Find the diameter of the base of a pint tin can whose height is 4 in. 
(231 cu. in. = 1 gal.); also, find the number of square feet of tin required to 
manufacture 10,000 such cans with tops. (Neglect the waste due to seams, etc.) 

9. An anchor ring is formed by revolving a circle 2 in. in diameter about a 
line lying in the plane of the circle and at a distance of 7 in. from its center. 
Find the volxune of the solid formed. 

10. How many cubic inches of lumber does a stick contain if it is 4 in. by 
4 in. at one end, 2 in. bj' 2 in. at the other end, and 16 ft. long? 

11. Find the waste in cutting the strongest square timber from a circular 
log of uniform diameter 2 ft. and length S ft. 

12. The water supply of a district consists of a lake whose surface area is 
1000 acres. The number of households supplied with w^ater is 60,000. Sup- 
posing each household to use 25 gal. per day, calculate how many days’ supply 
(to the nearest day below the exact number) is represented by a depth of 1 ft. 
of water in the lake. (1 acre equals 43,560 sq. ft.) 



13. The accompan>dng figure represents the longitudinal view of a Venturi 
meter, a device designed to measure the flow of water in pipes. If the throat 


4 *' 
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of the meter is 6 in. long and an inside diameter of 4 in., find the volume of 
water contained in the meter which is used in a 12-in. pipe line if the altitudes 
of the tapering parts are in the ratio of 1:3 and the smaller altitude measures 
12 in. 

14. A concrete surge chamber with circular cross section and vertical inner 
walls has an inside diameter of 100 ft. The outer walls taper uniformly 
1 in. to 1 ft. of rise, and at the base the thickness is 5 ft. The height of the 
surge chamber is 150 ft. above the pressure tunnel, and the material used in 
its construction weighs 150 lb. per cu. ft. Find the total weight of the chamber 
when full of water. 

16. A spherical shell 2 in, thick has an outer diameter of 12 in. Find the 
volume of the material of which it is made. 

16. Each of the mammoth dredges used in digging the Panama Canal had a 
dipper the capacity of which was 15 cu. yd. If the height of this dipper was 
10 ft. 9§ in., what was the area of the bottom? 

17. Assuming that a city has 400 miles of water pipes and that the average 
diameter of the pipes is 1 ft., how much water is required to fill this entire 
system? 

18. A stone bridge has three equal semicircular arches resting on four equal 
rectangular piers. The radius of each arch is R, the dimensions of the piers 
L, W, H, while the distance from the top of each pier to the top of the bridge 
is D. li L = 50 ft., TF = 5 ft., H 10 ft., R ^ 6 ft., D = 12 ft., find the 
number of cubic yards of material used in building the bridge. 



19. A druggist sells a certain kind of powder in a rectangular box 4 by 
by IJ in. for 25 cents, and in a cylindrical can 2| in. high and 2§ in. in diameter 
for 10 cents. Which is the more economical buy? 

20. A factory chimney has the shape of a frustum of a regular pyramid. 
Its height is ISO ft., and its upper and lower bases are squares whose sides are 
10 ft. and 16 ft., respectively. The 9 ross section of the flue is a square 
whose side is 7 ft. How many cubic feet of material does the chimney 
contain? 

21. A stone is dropped into a circular tub 40 in. in diameter, causing the 
water therein to rise 20 in. What is the volume of the stone? 

22 . How many square feet of tin are required to make a funnel, if the 
diameters of the top and bottom are 28 in. and 14 in., respectively, and the 
height is 24 in.? 

23. It is desired to cut off a piece of lead pipe 2 in. in outside diameter and 
i in. thick, so that it will melt into a cube of edge 4 in. How long a piece will 
be required? 
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24. A pipe of f-in. inside diameter conducts water from a spring to a house 
300 ft- distant. It is desired to empty the pipe after the water has been turned 
off at the spring. Will a 10-qt. pail hold the water? (One gal. =231 cu. in.) 

25. A reservoir 10 ft. deep is in the form of the frustum of an inverted 
square pyramid with bases 100 and 90 ft. on a side, respectively. How long 
will it require an inlet pipe to SU this reserv’-oir if the water pours in at the rate 
of 200 gal. per min.? (One gal. =231 cu. in.) 

26. A wooden ball 2 ft. in diameter weighs 200 lb. Find the diameter of a 
ball of the same material which weighs 50 lb. 

27. One hundred and fifty posts are used in fencing a lawn. Each post is 
built in the form of a frustum of a p 3 T*amid surmounted by a pyramid whose 

lower base is common with the upper base of the frustum. The 

height of the pyramidal top is 2 in. and the common base is a 

square 4 in. on an edge. The lower base of the frustum has an 
edge of 6 in. If the overall height of each is 6 ft., how much 
concrete will be used in making the posts? 

28. A water tank, open at the top, consists of a right cir- 
cular cylinder and a right circular cone, as shown. If the altitude 
of the cylinder is three times its radius, and the altitude of the 
cone is two times the same radius, find the number of square feet 
of sheet metal required to construct a tank having a capacity of 
10,000 gal. (One gal. =231 cu. in.) 

29. A certain Chinese coin, i in. in diameter and iV in. thick, is pierced by 
a square hole which is | in. on a side. Find the amount of metal in the coin. 

30. Window glass formerly was made by gathering a lump of molten glass 
on the end of a hollow rod and blowing it into the form of a large hollow cylinder 
about 6 ft. long and 1^ ft. in diameter. This was cut longitudinally and then 
placed in an oven and heated until it softened, 
when it was flattened out into plates and cut 
into the desired sizes. If this plate was 0.12 
in. thick, find the amoxmt of glass in the 
original lump- 

31. One section of the mainline sewer pipe 
for the city of Annapolis passes through a tunnel 
484 ft. long. The cross section of the tunnel is 
shown in the figure. The sewer pipe is 16 in. in 
external diameter and is partially imbedded, in 
a mattress of concrete, a cross section of which 
is shown, in the figure. Find the total cost 
(a) of digging the tunnel at $5.00 per cubic 
yard, (b) of pouring the concrete at $9.00 per 
cubic yard- 

32. A coffee pot is 5 in. deep, 4§ in. in 
diameter at the top, and of in. in diameter at 
the bottom. How many cups of coffee will 
it hold if 6 cups equal a quart? (Answer to nearest w’hole number.) 

33. Disregarding quality, and considering oranges as spheres, determine 
which is the better bargain, oranges averaging 2f in. in diameter at 15 cents 
per dozen, or oranges averaging 3 J in. in diameter at 30 cents per dozen. 
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34. The inside of a vase is an inverted cone 2.983 in. across the top and 
5.016 in. deep. If a heavy sphere 2.498 in. in diameter is dropped into it 
when the vase is full of water, how much water will overflow? 

36, In the foundation work of the Woolworth Building, a 55-story build- 
ing in New York City, it was necessary, in order to reach bedrock, to pene- 
trate the sand and quicksand to a depth, in some instances, of 131 ft. If 
the largest circular caisson, 19 ft. in diameter, was 130 ft. deep and was filled 
with concrete to within 30 ft. of the surface, how many cubic yards of concrete 
were required? 

36. A hole 6 in. in diameter was bored through a sphere 10 in. in diameter. 
Find the volume of the part cut out. 

37. A factory chimney is in the form of a frustum of a regular square 
pyramid. The chimney is 120 ft. high and the edges of its bases are 12 ft. 
and 8 ft., respectively. The cross section of the flue is 6 ft. square. How 
many cubic feet of material does the chimney contain? 

38. A log 18 ft. long is 2 ft. in diameter at the top end and 3 ft. in diameter 



(5) How many cubic feet are there in the largest piece of timber of square 
cross section that can be cut from the log? 

(c) How many cubic feet are in the largest piece of square timber the same 
size throughout its whole length? 

{d) How many board feet does the piece of timber in (c) contain, a board 
foot being equivalent to a board 1 ft. square and 1 in. thick? 

Hint. In (6) the larger end is the square ABCD. What is the smaller end? 
In (c) one end is the square EFGH. What is the other end? 

39. A grain elevator in the form of a frustum of a right circular cone is 
24 ft. high, and the radii of its bases are 10 ft. and 5 ft., respectively; how many 
bushels of wheat will it hold if IJ cu. ft. equals 1 bu.? 

40. When a liquid freezes, it changes into a mass of solid bodies, each of 
which has a definite geometric form and is known as a crystal. Crystals are 
always bounded by plane surfaces, which are arranged in an orderly fashion 
with reference to imaginary lines drawn through the crystal and called its 
axes. Every crystal has therefore a definite geometric form. Compare the 
volumes of two crystals, one in the shape of a hexagonal right prism a units 
on a side and 2a units in altitude, and the other in the shape of two oppositely 
directed hexagonal regular pyramids, each a units high with a common base 
a units on a side. 
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41. Soap kettles used in the commerciai manufacture of soap are as a rule 
large cylindrical vats, 500,000 lb. or more of soap being made in a single heat- 
ing. Find the capacity of such a kettle ha\’ing an inside diameter of 18 ft. 
and an altitude of 30 ft. if soap weighs 70 lb. per cu. ft. 

42. From a c 3 '’lindrical glass 6 in. high and 3 in. in diameter, water is poured 
by tilting the glass until the highest point of the bottom of the glass lies in the 
plane of the water surface. How much water remains? 

43. Imagine a cube to measure 5 units on an edge, and to have its total 
surface area painted blue. Without the aid of a figure or a cubical object, 
answer the follo’v^’ing questions. 

(A) How many times must you cut completelj- through the cube to make 
cubes which measure 1 unit on an edge? 

(B) How manj’' of the cubes of question (A) vill have: 

(а) Three blue faces? (c) One blue face? 

(б) Two blue faces? (dj No blue face? 

(C) How man^’ cubes are there in all? 

44. The silo shown in the sketch is an air- and water-tight tower. It 

consists of a lower c^'hnder surmoimted by a frustum of a yv 

cone whose lower base is the upper base of the cj'linder. ii 

The frustum in turn is surmounted by a cupola consisting 
of a smaller cylinder whose lower base is the upper base of y— — 

the frustum. This smaller c\*linder is topped bj- a conical j | , I 

roof. The inside radii of the smaller and larger cj'linders j * ' ' J 

are 6 ft. and 12 ft., respectively’'. The altitudes of the jJ.*-'---** 

frustum and larger cy’-linder are 6 ft. and 21 ft., respectively. 

If ensilage can be stored up to the cupola, find the storage capacity of the silo. 

46. From a cydindrical jar 4 in. high and 6 in. in diameter, water is poured 
by tilting the jar until the center of the bottom is at the surface of the water. 
A plane is passed through the water parallel to both the axis of the jar and the 
wetted diameter. What is the section made by this plane with the water? 
If the plane had been passed perpendicular to the wetted diameter, what would 
be the section? 

46. A reservoir is in the form of a frustum of a cone, 68 ft. across the top, 
35 ft. across the bottom, and IS ft. deep. Find the cost of lining it with tile 
at SI per square foot. 

47. Powder grains manufactured for use in large guns are small cydinders 
(composed of a nitrocellulose compound) with a number of longitudinal per- 
forations. If each grain is | in. in diameter, 1 1 in. long, and contains 7 cylin- 
drical perforations | in. in diameter, find the amoimt of material in a single 
grain- 

48. A concrete dam of height 
128 ft. was built in a gorge. 

One side AB of the gorge slopes 
at an angle of 60*^, the other 
side CD at 45®. The bases of 
the dam are horizontal and rec- 
tangular in shap>e. The lower base is 1215 ft. by’' 152 ft., and the upper 
base is 32 ft. wide. many cubic y-ards of concrete were required? 
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49. A tin cup is in the shape of a frustum of a cone. The internal diameters 
of the cup at the top and bottom are respectively 3 in. and 4 in., and the in- 
ternal depth is 6 in. Suppose that a conical piece is added to the cup so as to 
complete the cone. Find the height of the whole cone and the volume of the 
cone in pints. 

60. Find the weight of a copper wire I- in. in diameter and 2 miles long. 
Allow 550 lb. of copper to a cubic foot. 

51. The volume of a sphere is 86.5 cu. in.; find the volume and surface of 
a cube inscribed in it. 

62. A flat-bottomed boat 10 ft. long and 2 ft. wide is to have vertical sides 
and ends, of such a height that the boat will float with half of each side above 
water when the total load including the boat's weight is 500 lb. Neglecting 
the thickness of the wood, find, to the nearest inch, what width of plank must 
be used for making the sides of the boat. Find what weight of water would 
jSU the boat, if a cubic foot of water weighs 62.4 lb. 

63. A large rectangular-shaped barge floats in a river, and a mark is made 
on the side at the level of the water. The barge is 16 ft. long by 7 ft. broad. 
When a load of gravel is emptied into the barge, the barge sinks 4 ^ in. Find 
the weight of the load of gravel. (The sides of the barge are made of com- 
paratively thin wood, and the effect of the immersion of the sides an extra 4} in. 
may be neglected.) 

64. A log of American cedar, whose specific gravity is 0.55, floats in water. 
Assume that its bulk is 60 cu. ft. What is its weight? What volume of water 
does it displace? What part of the volume of the wood is out of water? 

65. A cylindrical drum of gasoline is 16 in. high and 111^ in. in diameter 
(internal measurements). What is the weight of gasoline in it when full? 
(Gasoline weighs 0.71 times as much as water.) 

66. A cylindrical tub of diameter 18 in. has water standing in it to a depth 
of 9 in. If the height of the tub (internal measurement) is 18 in., what is 
the volume of the empty part? If this space were filled with a substance 
which weighed 0.05 lb. per cu. in., what would be the weight of the substance? 

67. A hoUow buoy is made of sheet steel and its 
dimensions are those shown in the figure. The base 
of the buoy is part of a sphere, and the upper portion 
is a cone tangent to the sphere. The steel is f in. 
thick and weighs 480 lb. per cu. ft. Assume that 
the dimensions are mean values between the internal 
and the external, and find the weight of the buoy. 

68. If a match box has inside dimensions of 2 
in. by 1| in. by f in., find the useful capacity of the 
box. The cover is made with open ends so that 
the box can slide into it, the fit being snug. If the 
match box and cover are made of thin shces of 
wood ^ in. thick, find the amount of wood used in one million boxes. 

69. A triangular prism is used to disperse a beam of white light into a band 
of different colors, which is known as a spectrum. If the bases of the prism 
are equilateral triangles 1 in. on a side and the altitude of the prism is 3 in., 
find the volume of the prism. 
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60. A wheat elevator in the form of a frustum of a square pyramid is 28 ft. 
high; the edges of its bases are 12.5 ft. and 6 ft., respectively. How many 
bushels of wheat will it hold? (One bushel = li cu. ft.) 

61. A stone wall is 47 ft. long. One end is 3 ft. high, 2 ft. thick at the 
top, and 3 ft. thick at the bottom. The other end is 9 ft. high, 2 ft. thick at 



the top, and 5 ft. thick at the bottom. Find the volume of the wall if the ends 
lie in parallel planes. 

62. How many cubic feet of water are in a pond covering 200 acres if its 
average depth is 20 ft.? 

63. If a bell 4 in. in height, 3 in. in external diameter, and i in. thick 
weighs 2 lb., what should be the dimensions of a bell of the same proportions 
that would weigh 2000 lb.? 

64. If a man can dig a small cellar in the form of a cube 5 ft. on an edge 
in one day, how long will it take him to dig a similar cellar 10 ft. on an edge? 

66. The solid shown in the figure has parallel triangular bases ABC and 
DBF. All face angles at B and E are 90®. Find its volume. 



66. The area of the total surface of a polyhedron weighing 64 lb. is 
340 sq. in. What is the surface of a similar polyhedron made of the same 
material and weighing 1000 lb.? 

67. A cubic inch of gold is beaten into gold leaf sufficient to cover 7 sq. ft. 
Find the thickness of the gold leaf. 

68. The thickness of a metal spherical shell is t in. and its mean radius is 

/ ,‘>S. 

r in. Show that the volume of the metal is -ri ^ 4r® + j j cu. in. 
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69. A circular area of radius a moves perpendicular to and with its center 
on the semicircumference of an equal 
circle. Find the volume of the solid it wiH 
generate. 

70. Find the surface generated by re- 
volving about the line AB the area shown 
in the figure. CDB is a semicircle. 

71. Find the diameter of a gim which 
fires a shell weighing twice as much as a 
shell fired from an 8-in. gun, supposing 
the shells to be geometrically similar. 

72. If the shells used in guns are simi- 
lar in shape, find the ratio of the total surface areas of an 8-in. and a 12~in. 
sheU. 

73. A chain 100 ft. 2 in. long has circular links made from an iron rod 1 in. 
in diameter. If each link has an internal diameter of 6 in., compute the 
weight of the chain, assuming the weight of iron to be 450 lb. per cu. ft. 

74. The plane area ABCD (see figure) is revolved about the line YY'. 
Find the surface and volume gener- 
ated, using {a) the theorems of Pappus 
and (6) the formulas for the lateral 
area and volume of a frustum of a 
right circular cone. 

76. A chimney 65 ft. high is 4 ft. 
in diameter at the top and 10 ft. in 
diameter at the bottom. The flue is 
2 ft. in diameter at the top and 4 ft. in 
diameter at the bottom. Find the weight of the chimney in tons if the 
masonry weighs 142 lb. per cu. ft. 

76. Find the surface and volume of a sphere circumscribed about a 
C3^1inder of revolution, the radius of whose base is 3 in. and whose altitude 
is 8 in. 

77. With the vertices of an equilateral triangle of side 10 in. as centers 
and radii equal to 5 in., three arcs are described within the triangle. Taking 
the figure boimded by these arcs as the base of a right cylinder, find the volume 
and total area of the cylinder if its altitude is 12 in. 

Solve this problem if the arcs are described outside the 
triangle. 

78. A square and an equilateral triangle having their 
bases parallel are inscribed in a circle of radius R; the 
whole figure is then revolved about the diameter AB 
perpendicular to the base of the triangle. Find, in terms 
of R, (a) the total area of each of the three surfaces 
generated, (b) the volume of each of the three solids generated. 

79. The center of a sphere of radius R lies in the surface of a sphere of 
radius 2R. Find (a) the volume common to the two solids, (b) the volume of 
the combined solid, (c) the volume of a third sphere whose volume equals the 
volume of the solid of (b). 



r 
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80. A steel buoy consists of a spherical segment and a cone having a com- 
mon base of radius 3 ft. The altitude of the segment is 2 ft. and that of the 
cone is 6 ft. Find the total surface of the 
buoy. 

81. A tin pan 2 ft. high, with a spheri- 
cal bottom, has its sides flared out 60° from 
the vertical. The bottom measures 4 ft. 
across. How much tin, neglecting the seams, does it take to make it? The 
sides are tangent to the bottom. 

82. A right circular cone whose vertical angle is 90° has the diameter of 
a sphere as its axis and has its vertex on the sphere. Show that one-fourth 
of the sphere lies outside the cone. 

83. The Washington Monument took 36| years to complete, at a cost of 
$1,130,000. This tremendous structure has an overall height of 555 ft. and 
consists of the frustum of a pyramid whose lower base is a square 55 ft. on a 
side, and whose four faces slope inward 0.247 in. horizontally to a rise of 1 ft. 
The frustum is surmounted by a hollow pyramid having the same base as the 
upper base of the frustum. The altitude of the pyramid is 55 ft. and its sides 
are constructed of solid marble 7 in. thick. The frustum in turn is hollowed 
out along its entire axis by an opening whose cross section is a square. The 
sides of the opening rise vertically upward from the base 150 ft. At this level 
there is an offset outward from the vertical of 3§ ft. in a rise of 10 ft., and 
thereafter the opening continues to have vertical sides to the upper base of 
the frustum. If the thickness of the sides of the monument at the base is 
15 ft., find how much stone was used in its construction. 

84. The pyramidal solid ABCD was cut off the corner of a cube. Planes 
were passed parallel to the base ABCy dividing the edge AD into segments 


D 



AE — 1 in. EF = 2 in., and FD = 3 in. Find the ratio of the volume of 

frustum Y to that of frustum Z. , i 7 -» -x 4 . 

86 . A right circular cone of altitude r and radius of base R has its vertex 
at the center of a sphere of radius r. (a) Derive an expression for the volume 
which is common to the two solids. ( 6 ) Given r = S, R — 4, compute the 
volume. 
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86. Four grapefruit (considered spheres) 4 in. in diameter are placed in a 
square box whose inside base dimensions are 8 in. In the space between the 
first four grapefruit a fifth of the same diameter is placed. Flow deep must 
the box be in order that the top will just touch the fifth grapefruit? 

87. The cube shown in the figure is 3 in. on an edge. Each of the points 
Ay B is 1 in. from the vertex nearest it. 

Pass two planes through edge KL, one con- 
taining point A and the other containing 
point B. Find the volume of the wedge cut 
from the cube by these two planes. 

★ 88. A rod 3 ft. long is suspended from 
the ceiling in a horizontal position by two 
equal vertical strings 5 ft. long attached to 
its ends. The rod is then rotated through 
an angle of 90®, remaining horizontal, so 
that its center C rises in a vertical hne. Find 
the distance that C rises and the angle that each 
string then makes with its original position. 

89. Find the total area and the volume 
generated by revolving the circular sector 
OCD (see figure) about the diameter AB. 

90. A cylindrical glass of radius 1.5 in. ^ 
and altitude 6 in. is filled with water to a 
depth of 2 in. If two balls each 2 in. in 
diameter are dropped into the glass, by how 
much is the level of the water raised? 

91. In the solid shown in the figure all face angles at A, B, and C are 90®. 
(a) Find the volume of this solid. ★(&) If the 30° angle is changed to 20° find 
the volume of the solid. 


B 



★ 92. A circular sector of radius 6 in. and angle 110° is bent into the form 
of a right circular cone. Find the height and the semivertical angle of the cone. 
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★ 93. A homogeneous sphere of radius 6 in. (see figure) is suspended by a 
string 9 in. long from a point A in a smooth vertical wall AD, 

Find angle BAD. 

Hint. AB produced passes through the center of the 
sphere. 

94. Solve Prob. 89 if the central angle of the sector OCD is 
36® 30'. 

^ 96. Find the area of the earth’s surface within the Arctic 
Circle; that is, in latitude north of 66® 32' N, 

★ 96. Spherical balls 1-J in. in diameter are packed in a 
box measuring 6 in. by 3 in. by 3 in. If as many balls as possible are packed 
in the box, how much free space remains in the box? 

97. A solid consists of a hemisphere surmounted by a cone 
as shown in the figure. Find the vertical angle of the cone if 
the volumes of the conical and spherical portions are equal. 

98. A square area of edge a revolves about a line 
through one vertex, making an angle 6 with an edge and not 
crossing the square. Show that the volume generated is 
7ra^(sin 6 + cos 9). 

★ 99. A chemists’ measuring glass is conical in shape. If it is 8 c.m. deep 
and 3 c.m. across the mouth, find the distance on the slant edge between the 
markings for 1 c.c. and 2 c.c. 

★ 100. The figure represents a hemi- 
spherical bowl of radius 8 in., containing 
water to a depth of 3 in. Find (a) angle 
POQ, (6) the area of the wetted surface, 

(c) the volume of the sector of the sphere 
whose base is the wetted surface, (d) the 
volume of the cone of vertex O and 
base PQ, (e) the volume of the water in the bowl. 

■Ar 101. From a point on the ground in a square courtyard of area the 
angles of elevation of three flagstaffs of equal height at three consecutive 
corners of the yard are 60°, 60°, and 45°. Show that the height of each flag- 
staff is oV^3(l — i'^2). 

ic 102. A plane hillside is inclined at an angle of 28° with the horizontal. 
A man wearing skis can climb this hillside by following a straight path inclined 
at an angle of 12° to the horizontal, but one without skis must follow a path 
inclined at an angle of only 6° with the horizontal. Find the angle between 
the directions of the two paths. 

★ 103. A billiard ball, aimed at a point A on the edge of the cushion of a 
horizontal billiard table, rolls along a line making 18° with the cushion. If 
the cushion overhangs so that its edge is 4 c.m. above the table and if the 
diameter of the ball is 5 c.m., find the distance (measured along the edge of the 
cushion) between the point A and the point where the ball strikes the cushion. 

★ 104. A fly stationed at a point on the circumference of the base of a 
cylindrical tower of radius 12 ft. finds that he can just see a distant flagstaff 
by walking along the tangent line to the base either a distance 8 ft. in one 
direction or a distance 5 ft- in the other direction. Find the distance of the 
foot of the flagstaff ,from the center of the base of the tower. 







APPENDIX 

48. A THEOREM ON LIMITS 


If two variables are always equal and each approaches a limit, the 
limits are equal. 

Analysis. Let x and y be two variables which are always equal, 
let a and b be their respective limits, and let u and v be the respec- 
tive differences between the variables and their limits. The vari- 
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ables X and y can be represented graphically as the distances of two 
moving points P and P' from two fixed points A and M, as indi- 
cated in the figure. 

Then from the figure it is clear that 


or 


X + u = a, 
X = a — u, 


y + V = b; 
y = h — V. 


But, by hypothesis, x = y. Hence 


Therefore 


a — u = b — V. 
a ~ h == u — V. 


Now as X approaches a as a limit and y approaches 6 as a limit, 
the differences u and v become and remain smaller than any value 
that can be assigned. Hence the difference u — v becomes and 
remains smaller than any value that can be assigned. 

Since a and h are constants, the difference a — b is also a con- 
stant. Hence u ~ v, which is equal to a — b, is also a constant. 
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Since is constant and becomes less than any value that can 

be assigned, it must be zero. Hence 

a — b = 0 , or a b. 

Therefore limit of a? — limit of y. 

49. PROOF OF CAVALIERI’S THEOREM 

//, in two solids of equal altitude, the sections made by planes paral- 
lel to and at the same distance from their respective bases are always 
equal, the volumes of the solids are equal. 

In proving this theorem we shall assume that, if a plane surface 
of area B is moved a distance h in a. direction perpendicular to it- 
self, it generates a solid of volume Bh. We shall call this solid an 
elemental solid. 

Analysis. Let the two solids P and Q (see figure) rest on the 
same horizontal plane, and let their common altitude H be divided 
into n equal parts each equal to h. Through the points of division 
of the altitude pass planes parallel to the horizontal plane of the 
bases. These planes will intersect the two solids in sections /Si, 
/S2, . . . Sn-\ parallel to the bases and distant h apart. 



On the bases Sq of P and Q, and on each of the parallel sections 
Si, /S2, . . . Sn-i as bases, construct elemental solids of height h. 
Typical corresponding elemental solids are shown in the figure. 
Then the volume of each elemental solid will be h times the area of 
its base Si. 

Denote by P' the volume of the elemental solids belonging to 
solid P, and by Q' the volume of the elemental solids belonging to 
Q. Then since the bases of corresponding elemental solids in P and 
Q are equal by hypothesis, and they have the same altitude h, their 
volumes are equal. Therefore, since the number of elemental 



146 


APPENDIX 


solids is the same in P and Q, we have 

P' = Q'. 

Now suppose the number of subdivisions n to be increased in- 
definitely, thereby increasing the number of elemental solids in- 
definitely and decreasing their altitudes in a corresponding 
manner. It is evident that P' will approach P as a limit, and Q' 
will approach Q as a limit. But P' and Q' are two variables which 
are always equal. Hence by the theorem of limits of §48 their 
limits must be equal. Therefore 


Pote. The Italian mathematician Bonaventura Cavalieri (1598—1647) first 
used the theorem, which bears his name, for cases of plane figures. That is, 
he stated the theorem in such a way as to include not only the volumes of 
certain solids but also the areas of certain plane figures. 


60. REFERENCES FROM PLANE GEOMETRY 
Definitions 

1. Altitude of a Triangle. An altitude of a triangle is a perpendicular 
from any vertex to the side opposite, produced if necessary. 

2. Angle. A plane angle is the opening between two straight lines drawn 
from the same point. 

3. Apothem. The apothem of a polygon is the radius of its inscribed circle. 

4. Area. The area of a plane figure is the number which expresses the 
ratio between its surface and the surface of the unit square. 

6. Center of Polygon. The center of a regular polygon is the common 
center of its inscribed and circumscribed circles. 

6. Circle. A circle is a closed plane curve every point of which is equally 
distant from a point in the plane of the curve. ■ 

7. Complementary Angles. Two angles are called complementary when 
their sum is equal to a right angle; and each is called the complement of 
the other. 

8. Concurrent Lines. Three or more lines which have one point in com- 
mon are said to be concurrent. 

9. Definition of tt. The number rn- (pronounced pi), used in calculations 
on the circle, is the number obtained by dividing the circumference of a circle 
by its diameter; that is, tt = C/Z>. Hence, C — wD or C = 27 rr. tt = 
3.1416 (to 4 decimal places). 

10. Diagonal. A diagonal of a polygon is a line joining any two noncon- 
secutive vertices. 

11. Hypotenuse. The hypotenuse of a right triangle is the side opposite 
the right angle. 
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12. Isosceles Triangle. An isosceles triangle is a triangle whicli has two 
equal sides. 

13. Locus. A locus^ is a figure containing all the points, and only those 
points, which fulfill a given requirement. 

14. Parallel Lines. Parallel lines are lines that lie in the same plane and 
do not meet however far they are produced. 

16. Parallelogram. A parallelogram is a quadrilateral whose opposite sides 
are parallel. 

16. Perpendicular. If one straight line cuts another so as to make any 
two adjacent angles equal, each line is perpendicular to the other. 

17. Quadrilateral. A quadrilateral is a portion of a plane bounded by four 
straight lines. 

18. Rectangle. A rectangle is a parallelogram whose angles are right 

19. Regular Polygon. A regular polygon is a polygon all of whose angles 
are equal and all of whose sides are equal. 

20. Similar Polygons. Two polygons are similar if their corresponding 
angles are equal and their corresponding sides are proportional. 

21. Supplementary Angles. One angle is the supplement of another if 
their sum equals two right angles (or 180°). 

22. Tangent. A tangent to a circle is a straight line which, however far 
it may be produced, has only one point in common with the circle. 

23. Trapezoid. A trapezoid is a quadrilateral two and only two of whose 
sides are parallel. 

24. Triangle. A triangle is a portion of a plane bounded by three straight 
lines. 

26. Vertical Angles. When two angles have the same vertex, and the sides 
of one are the prolongations of the sides of the other, they are called vertical 
angles. 


Theorems 

Properties of Triangles 

26. The sum of the three angles of a triangle is equal to two right angles. 

27. The sum of two sides of a triangle is greater than the third side, and 
their difference is less than the third side. 

28. If two sides of a triangle are unequal, the angles opposite are unequal, 
and the greater angle is opposite the greater side; and conversely. 

29. If two sides of a triangle are equal (an isosceles triangle), the angles 
opposite these sides are equal; and conversely. 

30. The perpendicular bisectors of the sides, and the bisectors of the angles 
of a triangle, meet in points which are the centers of the circumscribed circle 
and the inscribed circle, respectively. 

31. The altitudes of a triangle meet in a point. 

32. The medians of a triangle are concurrent at a point which is two-thirds 
of the distance from any vertex to the midpoint of the opposite side. 

33. Two triangles are congruent if two angles and the included side of the 
one are equal, respectively, to two angles and the included side of the other. 
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34. Two triangles are congruent if two sides and the included angle of the 
ec[ualj respectively) to t"wo sides and the included angle of the other. 

36. Two triangles are congruent if the three sides of the one are equal, re- 
spectively, to the three sides of the other. 

Right Triangles 

36. Theorem of Pythagoras. In any right triangle the square of the hypote- 
nuse is equal to the sum of the squares of the other two sides. 

37. Two right triangles are equal if a side and the hypotenuse of the one are 
equal, respectively, to a side and the hypotenuse of the other. 

38. Two right triangles are equal if the hypotenuse and an adjacent angle 
of one are equal, respectively, to the hypotenuse and an adjacent angle of the 
other. 

39. If a perpendicular is drawn from the vertex of the right angle to the 
hypotenuse of a right triangle: (1) the two triangles formed are similar to 
each other and to the given triangle; (2) the perpendicular is a mean pro- 
portional between the segments of the hypotenuse; and (3) the square of either 
side about the right angle equals the product of the whole hypotenuse and 
the segment adjacent to that side. 

Si m i l ar Triangles 

40. Two triangles are similar if the angles of one are respectively equal to 
the angles of the other; or if two angles of one are respectively equal to two 
angles of the other. 

41. Two triangles are similar if an angle of one equals an angle of the other 
and the sides including these angles are proportional. 

42. Two triangles are similar if their sides are in the same ratio. 

43. If two triangles have their sides respectively parallel, or respectively 
perpendicular, each to each, they are similar. 

Polygons 

44. The sum of the angles of a convex polygon of n sides is 2(n — 2) right 

46. The exterior angles of a polygon, made by producing each of its sides in 
succession, are together equal to four right angles. 

46. Homologous parts of congruent figures are equal. 

Lines 

47. If three or more parallels intercept equal parts on one transversal, they 
intercept equal parts on every transversal. 

48. If two paraUei lines are cut by a transversal, the alternate interior angles 
are equal, the exterior-interior angles are equal, and the interior angles on 
the same side of the transversal are supplementary. 

49. If two angles have their sides respectively parallel, or respectively 
perpendicular, they are either equal or supplementary. 
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60. If a line is perpendicular to one of two parallel lines it is perpendicular 
to the other also. 

61. Any j^oint in the perpendicular bisector of a line is equally distant from 
the extremities of the line. 

62. Two points each equally distant from the extremities of a line deter- 
mine the perpendicular bisector of the line. 

ParaUelogratns 

63. The opposite sides of a parallelogram are equal, and so also are the 
opposite angles. 

64. ITc diagonals of a parallelogram bisect each other. 

66. If two sides of a quadrilateral are equal and parallel, then the other 
two sides are equal and parallel, and the figure is a parallelogram. 

Circles 

66. Through three points not in a straight line one circle, and only one, 
can be drawn. 

67. A tangent to a circle is perpendicular to the radius at the point of tan- 
gency; and conversely. 

68. The tangents to a circle drawn from an external point are equal, and 
•make equal angles with the line joining the point to the center. 

69. An inscribed angle is measured by one-half the intercepted arc. 

60. An angle insfiribod in a semicircle is a right angle. 

61. An angle formed l:)y two chords intersecting ■within the circle is measured 
by half the sum of the intercepted arcs. 

62. An angle included by a tangent and a chord drawn from the point of 
contact is measured by half the intercepted arc. 

63. An angle formed by two secants, two tangents, or a tangent and a 
secant, drawn to a circle from an external point, is measured by half the 
difference of the intercepted arcs. 

64. If two chords intersect in a circle, the product of the segments of one is 
equal to the product of the segments of the other. 

66. If from a point outside a circle a secant and a tangent are drawn, the 
tangent is the mean proportional between the whole secant and its external 
segment. 

66. A perpendicular from a point on the circumference to a diameter of a 
circle is a mean proportional between the segments of the diameter. 

67. The circumferences of two circles are in the same ratio as their radii, 
and the arcs of two circles subtended by equal central angles are in the same 
ratio as their radii. 


Loci 

68. The locus of points equidistant from the sides of a given angle is the 
bisector of the angle. 

69. The perpendicular bisector of a given line is the locus of points equi- 
distant from the extremities of the line. 
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61. EXPLANATION OF TABLE I 

To find the logarithm of a number. In general, a four-place 
table of logarithms gives the mantissas of all integral numbers 
l 3 dng between 99 and 1000. The first two digits of the numbers 
are found in the left-hand column iV, while the third digit is in the 
row at the top of the page. Therefore the mantissa of a number 
with three significant figures is in the row with the first two signifi- 
cant figures of the number and in the column headed by the third. 

Example 1. Find log 42.4. 

Solution. The characteristic is 1. To find the mantissa, first find 
42 in the left-hand column headed N, then follow the row containing 
42 until the column headed by 4 is reached. Here we find 6274. 
Therefore the mantissa is .6274. Hence 

log 42.4 = 1.6274. Ans. 

If the significant part of the number consists of less than three 
digits, annex zeros until you have three digits. 

Example 2. Find log 0.041. 

Solution. The characteristic is 8. — 10. Using 410, we 

find the mantissa to be .6128. Therefore 

log 0.0410 = 8.6128 - 10. Ans. 

Interpolation. From the four-place table of logarithms we can- 
not obtain directly the logarithm of a number with four significant 
figures. However, by a process known as interpolation, we may 
find the mantissa of a number having a fourth significant figure. 
In this process we use the principle of proportional parts which 
states that, for small changes in AT, the corresponding changes in 
log N are proportional to the changes in N. While this principle is 
not strictly true, it is sufficiently accurate to lead to results correct 
to the number of figures given in the table. 

The expression tabular difference will be used in what follows. 
The tabular difference, when used in connection with a table, means 
the result of subtracting the lesser of two successive entries from the 
greater. 
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The process of interpolation is illustrated by means of the follow- 
ing example: 

Example. Find log 235.4. 

Solutio7i. From the table of logarithms we find the logarithms in the 
following form and then compute the differences exhibited. 

log 235.0 = 2.3711 1 

log 235.4 jO = ? J 13 (tabular difference) 
log 236.0 = 2.3729 


By the principle of proportional parts, we have 


4 __ X 

To “ 18 ’ 


X 


/ 4 ' 


(18) == 7 (nearly). 


We add x = 7 to the last figure of 2.3711 to obtain 
log 235.4 = 2.3718. Ans. 

Notice that the value used for x was 7 instead of 7.2 because the table 
of logarithms is accurate only to four decimal places. 

The essence of the process of interpolation is indicated in the 
foregoing procedure. When the tabular difference is small, this 
process can easily be performed mentally. However, the student 
may interpolate by using the columns headed d and the propor- 
tional parts columns (see pp. 156 and 157). 

Each entry in the column headed d gives the difference of the 
logarithms between which it is spaced. (Obviously each entry in 
the extreme right-hand column headed d is the difference between 
the logarithm to the left of it and the first logarithm in the next 
row. Thus the difference between the logarithms 0374 and 0414 
is found in the column headed d to the right of 0374.) In each 
column headed by Proportional Parts appears TV, tV, TV, ... TV 
of the number heading the column. Hence the difference x ^ 7 
to be applied in the foregoing example is found in the proportional 
parts column headed by 18 (the tabular difference written between 
3711 and 3729) and in the row with the 4 of the column headed t. 

To find the number corresponding to a given logarithm. Gener- 
ally in every problem involving logarithms, it is necessary not only 
to find the logarithms of numbers but also to perform the inverse 
process, that of finding a number corresponding to a given loga- 
rithm. 

If log N — L, then N is the number corresponding to the loga- 
rithm L. The number N is called the antilogarithm of L. To find 
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the antilogarithm N of the logarithm L, first use the given mantissa 
to find the sequence of figures in N, and then use the given charac- 
teristic to place the decimal point. 

Example. Given log N — 1.5248, find N. 

Solution. The mantissa .5248 is not found exactly in the table, but 
we find the two successive mantissas .5237 and .5250 between which 
the given mantissa lies. From the table we find the numbers in the 
following form and then compute the differences exhibited. 


1.5237 K., 
1.5248 J 
1.5250 


13 


= log 33.40 
= log N 
= log 33.50 


10 


By the principle of proportional parts, we have 


1.-11 

10 ” 13 ’ 


( 11 ) ( 10 ) 
13 


8 (nearly). 


We add ^ == 8 to the last figure of 33.40 to obtain 
N - 33.48. Ans. 


The essence of the process of interpolation is indicated in the fore- 
going procedure. When the tabular difference is small, this process 
can easily be performed mentally. However, the columns headed 
d and the proportional parts columns may be used in interpolation. 
Thus, to find t in the example just considered, we first find differ- 
ence 11 as above, then read 13 in the column headed d to the right 
of the entry 5237, enter the proportional parts column headed 13, 
and since 11 is not listed, opposite the bold-faced 10 of this column 
read 8 in the column headed t. Here there was a choice between 10 
and 12. We gave preference to the bold-faced entry. 

The holdrfacing in the proportional parts columns indicates the 
entry to he chosen whenever there is a choice. Thus if we enter the 
proportional parts column headed 21 on p. 157 to find the value 
of t that corresponds to 7 , we find there is a choice between the two 
partly bold-faced entries 6 and 8. We choose 6, as the bold-faced 
part of 6 is nearer to 7. 


62. EXPLANATION OF TABLE 11 

Tables of natural trigonometric functions. In looking up the 
function of an angle between 0° and 45°, the value of the function 
will be found in the row (same horizontal line) with the angle and 
in the column headed by the name of the function. If the angle is 
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between 45° and 90°, the value of the function will be in the 
column with the name of the function at the bottom. 

If the angle is not giv(m exactly in the table, the value of the 
function (ia,n b(^ found by interpolation. For example, to find 
sin 57° 24 we t,a,ke from the table the values in the following form 
and then com pu t, the differences exhibited. 


sin 57° 00' 1 
sin 57° 24' J 
sin 58° 00' 


24' 


- 0.8391 

60' = X 


= 0.848 


By tlie priiHuple of proportional parts (§51), we have 


?/ 

00 ^ 9 ' 


24 

or ?/ = (9) — = 4 (nearly). 


We add ?/ — 4 to th(^ last two figures of 0.839 to obtain 
sin 57° 24' = 0.843. 


When the valuer of the function is given, the angle can be found 
by reversing th(^ foregoing process. 


63. EXPLANATION OF TABLE HI 

Table of logarithms of trigonometric functions. This table gives 
the foiir-placio logarithms of sines, cosines, tangents, cotangents, 
secants, and <‘,os<H‘.ants for angles at intervals of 1°. Interpolation 
is necessa^ry wlien i/h<i angle is given in degrees and minutes. 

To find the logaritlim when the angle is given. The following 
explanation shows how to find the logarithm of a trigonometric 
function when thci angle is given. 

Example. Find log sin 35° 15'. 

Solution. From the table we find the logarithms in the following 
form and then compute the differences exhibited. 

log sin 35° 0' = 9.7586 - 10 1 

loR sin .35° 15' ■ 60' = a: l^\d = 106 

log sin 36° 0' = 9.7692 - 10 

Then 

= or 2 ,= (106) I = 26 (nearly). 

.'. log sin 35° 15' = 9.7586 — 10 + 0.0026 = 9.7612 — 10. 
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To find the angle when the logarithm is given. The following 
explanation shows how to find the angle when the logarithm of a 
trigonometric function is given. 

Example. Find the acute angle .B when log tan jB = 0.1492. 

Solution. From the table we find the logarithms in the following 
form and then compute the differences exhibited. 


log tan 54° 1 1 

1 = 0-13871 105 

log tan B J ^ 

l60' = 0.1492/ 

log tan 55° | 

= 0.1548 


^ Qr y — (00) = 39' (nearly). 

60 161' ^161 

B = 54° 39'. 
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TABLE I COMMON LOGARITHMS 

N| 0 1^1 1 |J| 2 |dl 3 1^1 4 |cf 5 c? 6 7 8 ^ 9^ 

2 0212 41 0253 41 0294 40 0334 40 0374 40 
8 607 38 0645 37 0682 37 0719 36 0755 37 
5 0969 35 1004 34 1038 34 1072 34 1106 33 

2 1303 32 335 32 367 32 399 3 i 430 3i 

3 614 30 644 29 673 30 703 29 1732 29 i 
3 1903 28 1931 28 1959 2S 1987 27 2014 27 
7 2175 26 2201 26 2227 26 2253 20 279 25 ' 

5 430 25 455 25 480 24 504 25 529 24 
t 672 23 695 23 718 24 742 23 765 23 
2 2900 ^ 2923 22 2945 22 2967 22 2989 21 
> 3118 21 3139 21 3160 21 3181 20 3201 21 
) 324 21 345 20 365 20 385 19 404 20 

522 19 541 19 560 19 579 19 598 19 
711 18 729 18 747 19 766 is 784 is 
3892 17 3909 is 3927 is 3945 17 3962 17 
4065 17 4082 17 4099 17 4116 17 4133 17 
232 17 249 16 265 I6 281 17 298 16 
393 16 409 16 425 15 440 16 456 16 
548 16 564 15 579 15 594 15 609 15 

698 ^ 713 15 728 14 742 15 757 14 

843 14 857 14 4871 15 4886 14 4900 14 

4983 14 4997 14 6011 13 6024 14 6038 13 
6119 13 6132 13 145 14 159 13 172 13 
I 250 13 263 13 276 13 289 13 302 13 

378 13 391 12 403 13 416 12 428 13 

502 12 514 13 527 12 539 12 551 12 

623 12 635 12 647 11 658 12 670 12 

740 12 752 11 763 12 775 11 786 12 

855 11 86611 877 11 888 11 5899 12 



|6075| lo| 60851 1 1 1 60961 1 1 6 1 07 1 0 117 11 

180 11 

191 10 

201 11 

212 10 222 10 

284 10 

294 10 

304 10 

314 11 325 10 

385 10 

395 10 

405 10 

415 10 425 10 

484 9 

493 10 

503 10 

513 9 522 10 

580 10 

590 9 

599 10 

609 9 618 10 

675 9 

684 9 

693 9 

702 10 712 9 

767 9 

776 9 

785 9 

794 9 803 9 

857 9 

866 9 

875 9 

884 9 893 9 

6946 9 

6955 9 

6964 8 

6972 9 6981 9 

7033 9 

7042 8 

7050 9 

7059 8 7067 9 

118 8 

126 9 

135 8 

143 9 152 8 

202 8 

210 8 

218 8 

226 9 235 s 

284 8 

292 8 

300 8 

308 8 316 s 

7364| 8|7372| 8| 

7380 8 ' 

7388 8 7396 s 

6 1 

6 1 

7 ” 

8 • 9 






TABLE I 


COMMOJNT LOGARITEnvCS 


2 \d\ 3 \d\ 4 \d\ 


56 7404 

56 482 

57 559 

58 634 

59 709 


8 7427 
8 505 

s 582 
s 6«i>7 
8 731 


s 7435 8 7443 
8 513 7 520 

7 589 s 597 
7 664 8 672 

7 738 7 745 


d B d 1 d Q 

~8 7451 "s' 7459 T 7466 
S 528 8 536 7 545 

7 604 s 612 7 61C 

7 679 7 686 8 69^ 

7 752 s 760 7 76'i 


782 

7 

789 

7 

796 

7 

803 

7 

810 

8 

818 

7 

825 

7 

832 

7 

839 

7 

853 

7 

860 

S 

868 

7 

875 

7 

882 

7 

889 

7 

896 

7 

903 

7 

910 

7 

924 

7 

7931 

7 

7938 

7 

7945 

7 

7952 

7 

7959 

7 

7966 

7 

7973 


7980 

7 

7993 

7 

8000 

7 

8007 

7 

8014 

7 

8021 

7 

8028 

7 

8035 

6 

8041 

7 

8048 

7 

8062 

7 

069 

6 

075 


082 

7 

089 

7 

096 

6 

102 

7 

109 

7 

116 

6 

129 

7 

136 

6 

142 

7 

149 

7 

156 

6 

162 

7 

169 

7 

176 

6 

182 

7 

195 

7 

202 

7 

209 

6 

215 

7 

222 

6 

228 

7 

235 

6 

241 

7 

248 

6 

261 

6 

267 

7 

274 

6 

280 

7 

287 

6 

293 

6 

299 

7 

306 

6 

312 

7 

325 

6 

331 

7 

338 

6 

344 

7 

351 

6 

357 

6 

363 

7 

370 

6 

376 

6 

388 

7 

395 

6 

401 

6 

407 

7 

414 

6 

420 

6 

426 

6 

432 

7 

439 

6 

451 

6 

457 

6 

463 

7 

470 

6 

476 

6 

482 

6 

488 

6 

494 

6 

500 

6 

513 

6 

8519 

6 

8525 

6 

8531 

6 

8537 

6 

8543 

6 

8549 

6 

8555 

6 

8561 

6 

8573 

6 

579 

6 

585 

6 

591 

6 

597 

6 

603 

6 

609 

6 

615 

6 

621 

6 

633 

6 

639 

6 

645 

6 

651 

6 

657 

6 

.663 

6 

669 

6 

675 

6 

681 

5 

692 

6 

698 

6 

704 

6 

710 

6 

716 

6 

722 

5 

727 

6 

733 

6 

739 

6 

751 

5 

756 

6 

762 

6 

768 

6 

774 

5 

779 

6 

785 

6 

791 

6 

797 

5 

808 

6 

814 

6 

820 

5 

825 

6 

831 

6 

837 

5 

842 

6 

848 

6 

854 

5 

865 

6 

871 

5 

876 

6 

882 

5 

887 

6 

893 

6 

899 

5 

904 

6 

910 

5 

921 

6 

927 

5 

932 

6 

938 

5 

943 

6 

8949 

5 

8954 

6 

8960 

5 

8965 

6 

8976 

6 

8982 

5 

8987 

6 

8993 

5 

8998 

6 

9004 

5 

9009 

6 

9015 

5 

9020 

5 

9031 

5 

9036 

6 

9042 

5 

9047 

6 

9053 

5 

058 

5 

063 

6 

069 

5 

074 

5 


82 138 

83 191 


294 5 

299 5 304 5 309 6 315 5 

320 5 

325 5 

330 5 

335 5 

340 6 

345 5 

3o0 5 355 5 360 5 365 5 

370 5 

375 5 

380 5 

385 5 

390 5 

395 5 

400 5 405 5 410 5 415 5 

420 5 

425 5 

430 5 

435 5 

440 5 

445 5 

450 5 455 5 460 5 465 4 

469 5 

474 5 

479 5 

484 5 

489 6 

494 5 

499 5 504 5 509 4 513 5 

518 5 

523 5 

528 5 

533 5 

538 4 

9542 5 

9547 5 9552 5 9557 5 9562 4 

9566 5 

9571 5 

9576 6 

9581 5 

9586 4 

590 5 

595 5 600 5 605 4 609 s 

614 5 

619 5 

624 4 

628 5 

633 5 

638 5 

643 4 647 5 652 5 657 4 

661 5 

666 5 

671 4 

675 5 

680 5 

685 4 

689 5 694 5 699 4 703 5 

708 5 

713 4 

717 5 

722 5 

727 4 

731 5 

736 5 741 4 745 5 750 4 

754 5 

759 4 

763 5 

768 5 

773 4 

777 5 

782 4 786 5 791 4 795 5 

800 o 

805 4 

809 5 

814 4 

818 5 

823 4 

827 5 832 4 836 5 841 4 

845 5 

850 4 

854 5 

859 4 

863 5 

868 4 

872 5 877 4 881 5 886 4 

890 4 

894 5 

' 899 4 

903 5 

908 4 

912 5 

917 4 921 5 926 4 930 4 

934 5 

939 4 

943 5 

948 4 

952 4 

9956 5 

9961 4 9965 4 9969 5 9974 4 

9978 5 

9983 4 

9987 4 

9991 5 

,9996 

1 0 

12 3 4 

5 

6 

7 

8 

9 
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TABLE II 


NATURAL TRIGONOMETRIC FUNCTIONS 


Degrees 

Sine 

Cosecant 

Tangent 

Cotangent 

Cosine 

Secant 


0 

0.000 

GO 

0.000 

oo 

1.000 

1-000 

90 

1 

017 

57.299 

017 

67.290 

1.000 

000 

89 

2 

035 

28.654 

035 

28.636 

0.999 

001 

88 

3 

052 

19.107 

052 

19.081 

999 

001 

87 

4 

070 

14.336 

070 

14.301 

998 

002 

86 

5 

087 

11.474 

087 

11.430 

996 

004 

85 

6 

105 

9.567 

105 

9.514 

995 

006 

84 

7 

122 

8.206 

123 

8.144 

993 

008 

83 

8 

139 

7.185 

141 

7.115 

990 

010 

82 

9 

156 

6.392 

158 

6.314 

988 

012 

81 

10 

174 

5.759 

176 

6.671 

985 

015 

80 

11 

191 

6.241 

194 

6.145 

982 

019 

79 

12 

208 

4.810 

213 

4,705 

978 

022 

78 

13 

225 

445 

231 

331 

974 

026 

77 

14 

242 

4.134 

249 

4.011 

970 

031 

76 

15 

259 

3.864 

268 

3.732 

966 

035 

76 

16 

276 

628 

287 

487 

961 

040 

74 

17 

292 

420 

306 

271 

956 

046 

73 

IS 

309 

236 

325 

3.078 

951 

051 

72 

19 

326 

3.072 

344 

2.904 

946 

058 

71 

20 

342 

2.924 

364 

747 

940 

064 

70 

21 

358 

790 

384 

605 

934 

071 

69 

22 

375 

669 

404 

475 

927 

079 

68 

23 

391 

559 

424 

356 

921 

086 

67 

24 

407 

459 

445 

246 

914 

095 

66 

25 

0.423 

366 

0.466 

145 

0.906 

1.103 

65 

26 

438 

' 281 

488 

2.050 

899 

113 

64 

27 

454 

1 203 

510 

1.963 

891 

122 

63 

28 

469 

130 

532 

881 

883 

133 

62 

29 

485 

i 063 

554 

804 

875 

143 

61 

30 

500 

1 2.000 

577 

732 

866 

155 

60 

31 

515 

1 1.942 

601 

664 

857 

167 

59 

32 

530 

887 

625 

600 

848 

179 

58 

33 

545 

836 

649 

540 

839 

192 

57 

34 

559 

788 

675 

483 

829 

206 

56 

35 

574 

743 

700 

428 

819 

221 

66 

36 

588 

701 

727 

376 

809 

236 

54 

37 

602 

662 

754 

327 

799 

252 

53 

38 

616 

624 

781 

280 

788 

269 

52 

39 

629 

589 

810 

235 

777 

287 

61 

40 

1 643 

: 556 

839 

192 

766 

305 

50 

41 

656 

524 

869 

150 

755 

325 

49 

42 

669 

494 

900 

111 

743 

346 

48 

43 

682 

466 

933 

072 

731 

367 

47 

44 

695 

440 

0.966 

036 

719 

390 

46 

45 

0.707 

i.414 

1.000 

1.000 

0.707 

1.414 

45 


Cosine 

Secant 

Cotangent 

Tangent 

Sine 

Cosecant 

Degrees 


For explanation of tkis table see §52- 
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TABLE III 


LOGARITHMS OF TRIGONOMETRIC FUNCTIONS 


De- 

grees 

1 sin 

1 CSC 

Z tan 

Z cot 

1 sec 

Z cos 

De- 

grees 

0 

— CXD 

oo 

— OO 

00 

10.0000 

10.0000 

90 

1 

8.2419 

11.7581 

8.2419 

11.7581 

0001 

9.9999 

89 

2 

5428 

4572 

5431 

4569 

0003 

9997 

88 

3 

7188 

2812 

7194 

2806 

0006 

9994 

87 

4 

8436 

1564 

8446 

1554 

0011 

9989 

86 

5 

8.9403 

11.0597 

8.9420 

11.0580 

0017 

9983 

85 

6 

9.0192 

10.9808 

9.0216 

10.9784 

0024 

9976 

84 

7 

0859 

9141 

0891 

9109 

0032 

9968 

83 

8 

1436 

8564 

1478 

8522 

0042 

9958 

82 

9 

1943 

8057 

1997 

8003 

0054 

9946 

81 

10 

2397 

7603 

2463 

7537 

0066 

9934 

80 

11 

2806 

7194 

2887 

7113 

0081 

9919 

79 

12 

3179 

6821 

3275 

6725 

0096 

9904 

,78 

13 

3521 

6479 

3634 

6366 

0113 

9887 

77 

14 

3837 

6163 

3968 

6032 

0131 

9869 

76 

15 

4130 

5870 

4281 

5719 

0151 

9849 

76 

16 

4403 

5597 

4575 

■ 5425 

0172 

9828 

74 

17 

4659 

5341 

4853 

5147 

0194 

9806 

73 

18 

4900 

5100 

5118 

4882 

0218 

9782 

72 

19 

5126 

4874 

5370 

4630 

0243 

9757 

71 

20 

5341 

4659 

5611 

4389 

0270 

9730 

70 

21 

5543 

4457 

5842 

4158 

0298 

9702 

69 

22 

5736 

4264 

6064 

3936 

0328 

9672 

68 

23 

5919 

4081 

6279 

3721 

0360 

9640 

67 

24 

6093 

3907 

6486 

3514 

0393 

9607 

66 

25 

9.6259 

10.3741 

9.6687 

10.3313 

10.0427 

9.9573 

65 

26 

6418 

3582 

6882 

3118 

0463 

9537 

64 

27 

6570 

3430 

7072 

2928 

0501 

9499 

63 

28 

6716 

3284 

7257 

2743 

0541 

9459 

62 

29 

6856 

3144 

7438 

2562 

0582 

9418 

61 

30 

6990 

3010 

7614 

2386 

0625 

9375 

60 

31 

7118 

2882 

7788 

2212 

0669 

9331 

59 

32 

7242 

2758 

7958 

2042 

0716 

9284 

58 

33 

7361 

2639 

8125 

1875 

0764 

9236 

57 

34 

7476 

2524 

8290 

1710 

0814 

9186 

56 

35 

7586 

2414 

8452 

1548 

0866 

9134 

56 

36 

7692 

2308 

8613 

1387 

0920 

9080 

54 

37 

7795 

2205 

8771 

i 1229 

0977 

9023 

53 

38 

7893 

2107 

8928 

1072 

1035 

8965 

52 

39 

7989 

2011 

9084 

0916 

1095 

8905 

51 

40 

8081 

1919 

9238 

0762 

1157 

8843 

60 

41 

8169 

1831 

9392 

0608 

1222 

8778 

49 

42 

8255 

1745 

9544 

0456 

1289 

8711 

48 

43 

8338 

1662 

9697 

0303 

1359 

8641 

47 

44 

8418 

1 1582 

9.9848 

0152 

1431 

8569 

46 

45 ! 

9.8495 

10.1505 

10.0000 

10.0000 

10.1505 

9.8495 

45 


1 cos 

l sec 

Z cot 

Z tan 

1 CSC 

1 sin 

De- 

grees 


Note. Each logarithm in this table is to have — 10 written after it. For ex- 
planation of this table see §53. 





ANSWERS 

§3. Pages 6 to 8. 


1. 

1700 sq. in. 

8. 

7200 sq. ft., 

16. 

51.132 sq. in. 

2. 

12.566 sq. in. 


84.852 ft. 

16. 

1120 ft. 

3. 

10 ft. by 20 ft. 

9. 

0.58905 sq. in. 

17. 

107,070 sq. ft., 

4. 

(a) V2a, 

10. 

53,046 sq. ft.. 


180.52 yd. 


(6) V62 + ^2 

11. 

12. 

622.70 ft., 264.16 ft. 

18. 

i7r(7 + 4VS)d 

6. 

iVZa\ 

1 79 

13.3 sq. ft. 

136.48 sq. ft. 

19. 

107.12. 

4.8 in. 

6. 

7. 

ITTCZ . 

C = Tfd. 

13. 

14. 

10.155 ft. 

61.238 sq. in. 

20. 

30.57. 




§6. Page 14. 



10. 

(a) 2.5 ft., 


(c) 2.5V5ft., 


(e) 3.701 ft. 


(b) 2.6V3 ft., 


(d) 3.993 ft.. 

12. 

16| ft. 


General Exercises. Page 17. 

10. 24 ft. 





§9. Pages 20, 21. 







8. 

A 6. 





2. 

375 cu. in. 


B 8, 12, 6, 1. 


9 



3. 

10.079 ft. 


C 27. 


V6 



6. 

460 lb. 


D3. 




6. 

3.3528 cu. ft. 

13.441 sq. ft. 

9. 

E 1, 3, 3, 1, 8. 

13. 

3 Vs. 



7. 

122.91 sq. ft. 

10. 


14. 

63° 26' 





§10. Pages 24, 25. 





1. 

27 tons. 

8. 

13.424 cu. ft. 

12. 

4 V 1 O. 3.5. 8.72. 


2. 

$192. 

9 

120.46 cu. ft. 

13. 

(a) 33° 41', 

36° 

42', 

3. 

72,576 bricks. 

10. 

A 6. 

35° 23', 

53° 

18', 

4. 

99.66 sq. ft. 


B (a) 8. 


68° 59', 

24° 

50'. 

5. 

206.22 cu. yd. 


(6) 12. 


(b) 50, 83.895; 

, 97.628. 

6. 

3453.9 lb. 


(c) 4. 


(c) 8.96 in. 




7983.6 lb. 


(d) 0. 

14. 

21° 48'. 47° 

58', 

7 

Second is twice as 


C 24. 

33° 51'. 




large as first. 

11. 

Va^ -b + c^. 
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ANSWERS 


§12- Page 28. 

3. 225 VI = 389-71 4. 

cu. ft. 


1 . Aa^. 

2 . 2a^b. 


1. T = S + 2B. 

2. (a) V = a^h, 

(b) r = 20= 4- 4ah. 

3. fV3 = 1.2990 cu. 

in. 

5. SO sq. ft. 

6- 2.1134 in. 


§13. Pages 30 to 32. 

7. 440 cu. yd. 

8. 5.1235 in. 

9. S3000. 

10. (a) 6000 cu. ft., 

(b) 16,136 blocks. 

11. 4800 cu. yd. 

12. 813,396. 


1* 24.834 sq. ft. 

3. 67,881 gal. 

4. 4356 tons. 

6. 26,136,000 cu, ft. 


1. 0.57596 gal. 
3273.4 lb. 

2. 0.45815 cu- ft. 
21.991 sq. ft. 


1. 1480.4 gal. 

2. 1.3617 ft. 

3. 139.06 cu. in. 

4. 8.5704 m. 
380.79 sq. in. 

5. 164.94 cu. in. 

6. 4740.4 sq. ft. 


1. 533i cu. yd. 

2. 376.01 cu. in. 

3. 97.778 cu. yd. 

4. H = 1.6041 ft. 
6. 0.95245. 

6. 128.76 cu. in. ^ 


§16. Pages 35, 36. 

6. 125 cu. yd- 

7. 691.2 cu. ft. 

8 38 CU- in. 

9. 21.206 cu. in. 


§16. Pages 38, 39. 

3. 103,690 CU. ft. 

4. 157.08 CU. ft. 
353.43 sq. ft. 


§17. Pages 41, 42. 

7. 15.316 cents. 

8. 36.912 1b. 

9. 1.5910 by 1.5910 by 

15 ft, 

10. 30.790 by 61.580 ft. 

11. 113,100 CU. cm. 

12. 3859-5 cu. in. 


§18. Pages 42 to 46. 

7. 509.30 ft. 

8. 216,000. 

9. 800 bu. 

10. 5184. 

11. 50.471. 

12. 236.56 1b. 


13. 4880 cu. yd. 

14. (a) 22.857 gal. 

(b) 8.9286 gal. 

(c) 5.7966 in. 

(d) 801 sq. in. 
16. 141,720 cu. ft. 
16. 24,709 cu. ft. 


10. (a) 178.13 cu. ft. 

(b) 247.40 cu. ft. 

(c) 211.11 cu. ft. 

(d) 100.20 cu. ft. 

11. 840 cu. ft. 


6. 33,695 cu. ft. 

6. 18.946 1b. 

7. 4.699 cu, ft. 


13. 41.887 cu. in., 
109.32 sq. in. 

14. (a) 452,39 cu. in. 
(b) 339.29 cu. in. 

16. 47.124 cu. ft. 

16. 59.341 CU. in. 
121.54 sq, in. 


13. 1986. 

14. 4.8700 in, X 9.7400 

in. 

16. 8 sq. in. ; 3.4642 in. 
from original sec- 
tion. 
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16. 0.1337 in. 

17. 109.60 cu. in. 
319.86 sq. in. 

18. 369.08 cu. in. 
320.95 sq. in. 

19. 1160.76 cu. in. 
811.84 sq. in. 

20. (a) 9 in. 

(6) 92° 59'. 

(c) 38.418 sq. in. 

(d) 20° 26'. 

21. 20.944 cu. in. 


1. %Bh. 

2. 6f tons. 

3. 1199.0 lb. 


1. 204.8 bu. 

2. $44.19. 

3. 307,600 lb. 

4. $34,901,000. 


1. 1728 times as large. 
* Vm ( 54)3 


4. Edge 1.5874 ft. 


22. (a) AC = BG = 
AF = 14.142; 
AH =EB == 
11.662; EG = 
14.697. 

(6) An^leAEF ^ 
angle DHG — 
111° 48'. 

Angle BFE — 
angle CGH = 
68° 12'. All 
others 90°. 

§20. Pages 49, 60. 

4, 29,531 cu. in. 

6. 5.5556 ft. 

6. 334.82 sq. in. 

§21. Pages 62, 63. 

6. 686.53 sq. ft. 

6. Regular tetrahedron. 

7. 25,798 sq. ft. 

392,150 cu. ft. 

§22. Page 66. 

6. 4 ft., 6 ft., 8 ft. 

6. r = 2.5198 ft. 
h == 3.7797 ft. 

7. 0.45013 cu. ft. 

8. 160-lb. man. 

9. 2401b. 

10. 287.44 gal. 


(c) FD ^ AG = 

17.320 in. 

(d) 320 sq. in. 

(e) 527.7 sq. in. 
(/) 74° 12'. 



800 cu. in. 

23. 

28,752 cu. ft. 

24. 

9° 43', 30° 28', 


57° 32'. 

26. 

36° 52'. 

26. 

(a) 4° 29', (6) 9° 


50'. 


8. 29°4',53°8',58°22'. 
172 sq. in. 

9. 39,100 cu. ft. 

8. 128 sq. in. 

9. 

11. 45°. 


11. 0.35365. 

12. 3.1748 ft. 

13. 1269.9 sq. in. 

14. No. The 790-ft. 

vessel. 

16. No. 


§24. Page 69. 


1. 

16.219 X lO^cu. yd. 

4. 

452.39 cu. in. 

r- * 

2. 

308.66 lb. 

6. 


— 2V2). 

6. 

3. 

13.5 sq. ft. 




8. 

a a 


a 

V 2 


arc tan — , arc tan — , 

2 arc sm - 




1. 453,900 1b. 

2. 61.061 sq. yd. 

3. 1197.0 sq. ft. 

4. 5.1510 ft. 


§26. Pages 63, 64. 

6. (a) F= — • 

(6) 92.548 cu. in. 

7. 8.3980 in. 

8. 144°. 


9. 




(а) 49.562 cu. in. 

(б) 109.51 cu. in. 

(c) 391.78 cu. in. 

(d) 673.26 cu. in. 

(e) 664.82 cu. in. 
60° 30', 47° 56'. 


6 . 


24 


10 . 
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ANSWERS 


§26. Pages 64 to 66. 


1. $132.00. 

2. 226.19. 

3. 6.3496, 4.7622, 
3.1748. 

4. 326.06 sq. ft. 

6. 21,942 long tons. 

6. 

v% 

7. —k = 0.70710A. 

(h ~ height of tent) 

8. 942.48 cu. ft. 

9. (a) 3780 lb. 

(6) 133,110. 

10. 3,700,000 1b. 

11. 8 cu. in- 

12. 117.29 cu. in. 

13. 305.69 cu. yd. 

14. (a) 1,6108 in. 

(6) 113.57 sq. in. 

15. 15.708 cu. ft. 

17. 

18. f. 

19. h 

20. 

21. 

22. 

: + \/a:2 -f ^2 

23. 259.60 sq. in. 

24. (2 + V'2)a2. 
26. 384 cu. in. 

26. 1.38 in. 

1 5^*^* 

i 

2. 0.60484 ft. 

3. 353,440 lb. 

§28. Pages 70, 71. 

4. 2426.7 cu. yd. 

6. 102f cu. in. 

6. 348.78 sq. ft. 

7. m. 

8. 1098.0 cu. ft. 

9. 101.17 cu. ft. 

2. $20.95. 

3. 508.78 cu. in. 

4. 221.66 sq. in. 

6. 39.603 pt, 

6. $131.95. 

§29. Pages 74, ' 

7. 934.62 cu. ft. 

762,58 sq. ft. 

8. 29,985 sq. ft. 

9. 997.081b. 

10. 0.26319/i. 

11. tV. 

12. 339.29 sq. ft., 
571.77 sq. ft., 

8.7750 ft., 21.938 ft., 
1001.6 cu. ft. 

13. 55° 9'. 

1- 148,741 cu. yd. 

2. 5648.7 cu. yd. 

3. 1212 cu. ft. 

4. 24 ft. 

§30. Pages 78 to 80. 
6. 31,111 cu. yd. 

6. 23,760 short tons. 

7. $858.33. 

8. $695.24. 

10. $1080. 

11. 53.5 cu. ft. 

12. 366 cu. ft. 

1. 1103.0. 

2. 10.472 cu. in. 

§31. Pages 82, 83. 

4. (a) 188 sq. in. 

(6) 240 sq. in. 

(c) 192 cu. in. 

(d) 81° 52'. 

(e) 51° 24'. 

(/) 40 sq. in. 

1. 716.28 cu. meters. 

2. S43.64. 

3. 2412 cu. ft. 

4. 39,172 cu. yd. 

5. 1255 short tons. 

§32. Pages 83 to 86. 

6. {a) 1521.3 sq.ft. 

(6) 259.15 sq. ft. 

7. $31.94. 

8. 1.2726 cu. ft. 

9. 196 sq. ft. 

10. 86,068 cu. ft. 

11. 27,556 cu. yd. 

12. 607.5 cu. ft., 494.02 

sq. ft. 

13. 310 cu. ft. 
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14. 12 ft. 

16. 16.9 ft. 

16. 33.6 ft. 

17. 13 cu. in. 

18. cu. ft., where h is 
the common alti- 
tude. 


2. 1005.31b. 

3. 549 lb. 

4. $43,971. 

6. 539.74 lb. 

6. 5026.6 sq. ft. 

33,510 cu. ft. 

7. 1818.1 lb. 

8. 1.9906 X lO^sq. mi. 
2.6408 X lO^^cu. mi. 


19. 

20. 26A. 

21. {a) 407r sq. in. 

(6) 271.00 sq. in. 

23. (a) 18 V2 sq. in. 
(Jb) 2 V 22 sq. in. 

§33. Pages 92, 93. 

9. 24,798 1b. 

312.68 cu. in. 

10. 18 cents. 

11. (3V2 + 2)r. 

12. 319.89 cu. in., 
226.19 sq. in. 

13. 24.056 cu. in. 

1 

3 Vs 


(c) 9 V 5 sq. in. 
{d) 12 V 3 ” sq. in. 
ie) 9 Vs sq. in. 
24. (a) 203 cu. ft. 

(6) 28*^ 4'. 

(c) 126 sq. ft. 


16. 1.9109 cu. in. 

16. 362.33 cu. in. 

17. 471 sq. in., 

962 cu. in. 

20. 0.51548 cu. in. 

21 . 


§36. Pages 96, 97. 


3. 7.97 X 10^ sq. mi. 

4. 15.708 sq. ft. 

6. 263.89 sq. in. 

6. 0.8579 in. 

7. 328 sq. in. 


r h 

104.72 sq. ft. 

9- 0.1830 of its area. 


10. ^ of it. ' 

11. 142.80 sq. mi. 

12. 132.60 sq.ft. 
14. 123 sq. in. 


3. 37.062 pt. 

4. 84.823 cu. in. 
73.304 cu. in. 

6. 51.852 per cent. 


§36. Pages 101, 102. 

6. 2 in. 

7. 34,050 cu. in. 

8. ; 0.762 in. 


9. 


12 . 


12 

10.243 in. 


1. $1.1694. 

2. 6545.0 cu. in. 


1. 1.0019 X lO^o cu. 

mi. 

2. $11.31. 

3. 291.07 1b. 

4. 58.74 per cent. 

6. (a) 94.638 sq. in. 

(6) 71.210 cu. in. 

6. SOtt = 251.33 sq. in. 


§37. Page 106. 

3. 2654.7 cu. in. 

4. 1.5 cu. in. 

§38. Pages 107 to 109. 

7. 6.1545 mi. 

8. R (radius of earth). 

9. 120.48 cu. in. 

10. 0.78860 lb. 

11. 325.07 cu. ft. 

12. 10.243 in. 

13. 300.05 sq. in., 

558.38 cu. in. 


6. 156.25 1b. 
6. $1.47. 
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ANSWERS 


19, (a) 


1 -h V2 


20 . 

21 . 


22 . 


8 . 


4 

(&) i- 
2.306 in. 

(a) 90°. 

(c) Trj^. 

(e) 

(a) 67.021, 25.133, 

41.887, 8.3776. 

(b) 431.26, 161.72, 


( 5 ) §7rRK 

id) f Trigs. 



269. 

54, 

53. 

23. 

0.70475722 


1. 

2301.0 

cu. 

in. 

2. 

197.39 

cu. 

ft. 

3. 

1105.4 

cu. 

in. 


1174.5 

sq. 

in. 

4. 

667.58 

lb. 


6. 

444.13 

cu. 

in. 

6. 

5211.1 

cu. 

in. 

7. 

5790.1 

cu. 

ft. 


4r 

— distant from each 
Stt 


bounding radius. 
2r 

9. — distant from each 
r 

radius through an 
end. 


24. 


26. 



(Vr2 + - r)S 



26. (a) 450 cu. in. 
(6) 535 cu. in. 
(c) 585 cu. in. 
id) 636 cu. in- 

27. 89 cu. in. 


§40. Pages 114, 116. 

10. 1 ft. 

2r ^ 

11. — (2 — V^3) distant 

TT 

from one bound- 
ing radius, — dis- 

TT 

tant from a line 
through the cen- 
ter of the circle 
and perpendicu- 
lar to the same 
bounding radius. 


§41. Pages 118, 119. 
4. 1.7 in. 7. 1043. 

Tn Vg -h 3 Vs 10- 625 lb. 
t7 V5-VE’ ™»32'. 


30. ia) 5 + V7. 
ib) 3(2 -f V2). 

31. 3.0861E, 4.364422. 

32. ia) 

ib) l7rR\ 

(c) §[3 (arc tan J V2) 

33. 2° 23'. 


12 . 


14. 


16. 


distant 


hi2a + 6) 

3(a 4- b) 
from base b, 

+ 62 4- ab 
3(a + b) 

tant from side h. 
— distant from cen- 


ter of circle along 
the radius bisect- 
ing the arc. 
ia) 197ra2. 


16. ia) f. (6) f. 

17. i^7r(9 Vs ~ 

12. 3. 

13. 250.32 sq. in., 256 

cu. in. 


§42. Page 121. 


3. Ay — be — [26c — aib ■ , ^ ^ ^ a) {c ~ a) where a is an edge of 

the square and 6, c sides of the rectangle. 

4. Ay = a- 4“ aib 4 - c — c) ^ 4- [|6c — a(6 4- c)] ^ , where a is the side of 

square and 6, c are legs of the right triangle. 



ANSWERS 


ID 


1. (a) 32, (5) 76i. 

2 . 

3. i^h^CSR — h). 

4. i7rA(362 _|_ ^2)^ 

6. i^i^(3a2H-3&2 + A2)^ 

6. iTrhCr^ + + igr). 

7. |7r6fe2^ 

9. frn-abc. 

10 . ^irabh. 

11. ih(B + 4M). 

12. + 2M). 

13. 5i cu. ft. 

14. 83 i cu. in. 


1 

2. When L = - — • 
4 a 


1. 99.266 1b. 

2. 6.0241 ft. 

3. 46 1 in. 

4. 137.71 cu. ft. 

6. 510 short tons. 

6. 9.8960 sq. ft. 

7. 55,004 ft. 

8. 3.0286 in. 

3640 sq. ft. 

9. 14:ir^ = 138.18 cu. 

in. 

10. 1792 cu. in. 

11. 9.1328 cu. ft. 

12. 217 days. 

13. 2689.2 cu. in. 

14. 49,352 short tons. 
16- 636.70 cu. in. 

16. 37.529 sq. ft. 

17. 12,408,000 gal. 

18. 1300.7 cu. yd. 

19. Cylindrical can. 

20. 22,140 cu. ft. 

21. 14.545 cu. ft. 

22. 11.454 sq. ft. 

23. 46.564 in. 


§44. Pages 125 to 129. 

15. (a) 18,475 cu. in. 
(h) 10,667 cu. in. 

(c) 21,333 cu. in. 

(d) 21,333 cu. in. 

(e) 42,667 cu. in. 

16. 533f cu. in. 

17. (a) Vr®. 

(6) f r®, when a leg is 
in the plane of 
the circle; fr®, 
when the hy- 
potenuse is in 
the plane of 
the circle. 

§46. Page 130. 

— ~ below the lower 
2 a 

§47. Pages 133 to 143. 

24. No, 

26. 56.312 hr. 

26. 1.2599 ft. 

27. 154.86 cu. ft. 

28. 615.63 sq. ft. 

29. 0.011295 cu. in. 

30. 0.28274 cu. ft. 

31. (a) S1083.20. 

(6) S231.90. 

32. 11 cups. 

33. 30-cent ones. 

34. 6.9208 cu. in. 

36. 1050.1 loads. 

36. 255.52 cu. in. 

37. 7840 cu. ft. 

38. (a) 89.536 cu. ft. 

(6) 57 cu. ft. 

(c) 36 cu. ft. 

(d) 432 board ft. 

39. 3518.6 bu. 

40. Volume of prism is 3 

- times the volume 
of the other solid. 

41. 534,3801b. 

42. 21.206 cu. in. 


18. 24^. 

19. i^R\ 

20 . ^Vzb^h. 

21. 26661 cu. in. 

22. la®. 

23. ¥r®. 

26. 2440 cu. ft. 

26. 



base. 


43. A 12. 

B (a) 8, (b) 36, (c) 
54, (d) 27. 

C 125. 

44. 11,084 cu. ft. 

46. Rectangle; right tri- 
angle. 

46. S4912.90. 

47. 0.62280 cu. in. 

48. 561,230 cu. yd. 

49. 2 ft. 

3.4816 pt. 

60. 494.961b. 

61. 31.784 cu. in. 

60.216 sq. in. 

52. 10 in. 

1040 lb. 

63. 2620.81b. 

64. 2059.2 1b. 

33 cu. ft. 

45 per cent. 

66. 40.776 lb- 

66. 2290.2 cu. in. 

114.51 lb. 

67. 1,908.5 1b. 
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58- 1.5625 cu. in. 

254.31 cu. ft- 

69. 1.2991 cu. in. 

60. 1995.5 bu- 

61. 869.5 cu. ft. 

62. 174,240,000 cu. ft. 

63. height = 40 in., 

diameter = 30 in., 
thickness = 2.5 in- 

64. S days. 

66. 318 cu. ft. 

66. 46.09S sq. in. 

67. in. 

69. 'TT^a^. 

70. 232 sq. in. 

71. 10.079 in. 

72. f. 

73. 899.48 lb. 

74. 1363 sq. in., 1840 

cu. in. 

76. 154.78 short tons. 

76. 523.95 cu. in. 
314-16 sq. in. 


AXSWERS 

77. 48.36 cu- in., 188.50 

sq. in.; 2875.8 cu. 
in., 942.48 sq. in. 

78. (a) 

( 6 ) 


(.b) 

(c) 

80. 104.06 sq. ft. 

81. 73.592 sq. ft. 
83. 569,200 cu. ft. 



85. (a) 


(6) 7.2:/r = 22.620. 

86. 4+2 V2 in. 

87. 4.5 cu. in. 

88. 5.7 in., 25° 6'. 

89. 37.028 sq- in. 
10.204 cu. in. 


90. 

1.0087 in. 


91. 

(a) 89 cu. ft 



(6) 75 cu. ft 


92. 

4.76 in., 17° 

48'. 

93. 

23° 35'. 


94. 

39.3 sq. in.. 

11.6 cu. 


in. 


96. 

8,150,000 sq. noi.. 


where radius of 


earth = 3960 mi. 

96. 

25.73 cu. in. 


97. 

53° S'. 


99. 

0.79 cm. 


100- 

(a) 102° 38 



(b) 151 sq. 

in.. 


(c) 402 cu. 

in.. 


(d) 204 cu. 

in.. 


(e) 198 cu. 

in. 

102. 

15° 35' or 143° 1'. 

103. 

6.16 cm. 


104. 

f V208 ft. 




INDEX 


Altitude, of cone, 57, 60. 
of cylinder, 33, 39. 
of frustum of cone, 71. 
of prism, 29. 
of prismatoid, 76. 
of pyramid, 46, 51. 
of spherical segment, 98. 
of zone, 95. 

Angle, dihedral, 15. 

plane angle of dihedral, 15. 
polyhedral, 15. 

Angles, 15. 

face, of polyhedral, 15. 

Antilogarithm, 151. 

Areas of plane figures, 2^. 

Axial section, 114. 

Axis, of circle of sphere, 87. 
of cone, 58. 

of right circular cylinder, 39. 

Base, of cone, 57. 
of pyramid, 46. 
of spherical sector, 103. 

Bases, of cylinder, 32. 
of prism, 28. 
of prismatoid, 75. 
of rectangular parallelepiped, 21. 
of right circular cylinder, 39. 
of spherical segment, 98. 
of zone, 95. 

Cavalieri’s theorem, 25. 
proof of, 145. 

Center of gravity, 110. 

Center of sphere, 87. 

Circles of sphere, 87. 

Circular cone, 58. 
right, 60. 

Circular cylinder, 36. 
right, 39. 

Circumscribed pilsm, 33, 36. 


Computation suggestions, 1, 

Cone, altitude of, 57, 60. 
axis of, 58. 
base of, 57. 
circular, 58- 
axis of, 58. 
element of, 57. 
frustum of, 71. 
lateral area of, 60. 
lateral area of frustum of, 72. 
of revolution, 60. 

slant height of, 60- 
right circular, 60. 
slant height of, 60. 
spherical, 103- 
vertex of, 57. 

Cones, 57, 60- 
similar, 53. 

Conical surface, 57. 

Convex polyhedron, 116- 

Cross section, 29. 

Cube, 18. 

Cylinder, 32. 
altitude of, 33. 
bases of, 32. 
circular, 36. 
element of, 33. 
lateral area of, 33. 
right circular, 39. 
right section of, 33. 
truncated, 81. 

Cylinders, 32, 36, 39. 
of revolution, 39. 

Cylindrical surface, 32. 

Determined, plane, 10. 

Diagonal of polyhedron, 116. 

Dihedral angle, 15. 
edge of, 15. 
faces of, 15. 
plane angle of, 15. 
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INDEX 


Dimensions of parallelepiped, 22. 
Directrix, 32, 57. 

Dodecahedron, regular, 116. 

Edge of dihedral angle, 15. 

Edges, of polyhedral angle, 15. 

of polyhedron, 18, 115. 

Element, of conical surface, 57. 
of cylindrical surface, 32. 

Face angles of polyhedral angle, 15. 
Faces, of dihedral angle, 15. 
of polyhedral angle, 15. 
of polyhedron, 18, 116. 

Foot of line, 9. 

Formula, prismoidal, 77, 123. 
Formulas, summary of, 131, 132. 
Frustum of cone, 71. 
altitude of, 71. 
lateral area of, 72. 
slant height of, 71. 

Frustum of pyramid, 67. 
cone, 71. 

slant height of, 67. 

Generator, 32, 57. 

Geometry, solid, 9. 

Great circle, axis of, 87, 
of sphere, 87. 

Hexahedron, regular, 117. 

Historical references: 

Apollo, 20. 

Athenians, 20. 

Bunker Hill Monument, 84. 
Cavalieri, 146. 

Cestius, 53. ■ ■ • 

Chinese wall, 133. 

Cleopatra^s Needle, 70 '. 

Delians, 20. 

Delos, 20. 

Fingal’s Cave, 133. 

Guidin, 111. 

Hippasus, 116. 

Island of Staffa, 133. 

Kepler, 111. 

Newton, 76. 

Ninus, 65. 


Historical references — {continued) 
Panama Canal, 134, 

Pappus, 111. 

Pickett’s Monument, Frontispiece. 
Plato, 20. 

Pythagoras, 116. 

Queen Semiramis, 65. 

Sterling, James, 76. 

Washington Monument, 69, 141. 
Wool worth Building, 136. 

Icosahedron, regular, 116, 119. 
Inclination of line, 10. 

Inscribed prism in cylinder, 33, 36. 
Inscribed sphere in polyhedron, 116. 

Lateral area, of cone, 60. 
of cylinder, 33. 
of frustum of cone, 72. 
of prism, 29. 
of pyramid, 47, 51. 

Lateral edges, of prism, 28. 

of pyramid, 50. 

Lateral faces, of prism, 28. 

of pyramid, 46, 50. 

Limits, a theorem on, 144. 

Line, foot of, 9. 
inclination of, 10. 
parallel, 9. 
projection of, 10. 
straight, parallel to plane, 9. 
perpendicular to plane, 10, 13. 
Logarithms, 1, 150, 153. 
tables of,' 156, 157, 159. 

Mid-section of prismatoid, 76. 

Normal, 10. 

Octahedron, regular, 116, 119; 

Pappus, Theorems of, for surfaces, 110. 

for volumes, 111. 

Parallel planes, 12. 

Parallelepiped, rectangular, 21. 

dimensions of, 22. 

Perpendicular planes, 15. 
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Plane, 9. 

determined, 10. 
of reference, passed, 9. 
straight line oblique to, 10. 
straight line parallel to, 9. 
straight line perpendicular to, 
10. 

tangent to sphere, 87. 

Plane angle of dihedral angle, 15. 
Plane figures, 1. 

Planes, parallel, 12. 

perpendicular, 15. 

Point, projection of, 10. . 

Poles of circle of sphere, 87. 
Polyhedral angle, 15. 
edges of, 15. 
face angles of, 15. 
faces of, 15. 
vertex of, 15. 

Polyhedral angles, 15. 

Polyhedron, 18, 115. 
convex, 116. 
diagonal of, 116. 
edges of, 18, 115. 
faces of, 18, 116. 
inscribed sphere in, 116. 
regular, 116. 
vertices of, 18, 116. 

Polyhedrons, 18, 115. 

similar, 53. 

Prism, 28. 

altitude of, 29. 
bases of, 28. 

circumscribed about cylinder, 33, 
36. 

inscribed in cylinder, 33, 36. 
lateral area of, 29. 
lateral edges of, 28. 
lateral faces of, 28. 
right, 29. 

right section of, 29. 
truncated, 81. 

Prismatoid, 75. 
altitude of, 76. 
general, 120. 
general section of, 120. 
mid-section of, 76. 
theorem, 121. 


Prismoidal formula, 77, 123. 
Projection, of a line, 10. 

of a point, 10. 

Proportional parts, 151. 

Pyramid, 46, 50. 
altitude of, 46, 51. 
base of, 46. 
frustum of, 67. 
lateral area of, 47, 51. 
lateral edges of, 50. 
lateral faces of, 46, 50. 
regular, 50. 

slant height of frustum of regular, 
67. 

slant height of regular, 50. 
triangular, 47. 
vertex of, 46. 

Pyramids, 46, 50. 

Pythagorean theorem, 3. 

Rectangular parallelepiped, 21. 
References from plane geometry, 146. 
Regular dodecahedron, 116, 119. 
Regular hexahedron, 116, 119. 
Regular icosahedron, 116, 119. 
Regular octahedron, 116, 119. 

Regular polyhedron, 116. 

Regular pyramid, 50. 

slant height of, 50. 

Regular tetrahedron, 116, 119. 
Revolution, cone of, 60. 
cylinder of, 39. 
solids of, 111. 
surfaces of. 111. 

Right circular cone, 60. 

Right circular cylinder, 39. 

Right prism, 29. 

Right section, of cylinder, 33. 
of prism, 29. 

Section, 18. 
axial, 114. 
cross, 29. 
right, 29. 

Sector, base of spherical, 103. 
spherical, 103. 

Segment, base of spherical, 98. 
spherical, 97. 
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I^sDEIX 


Similar figures, 4, 53. 
solids, 53. 

Similar polytiedrons, 53. 

Slant tieiglit, of cone of re\'olution, 
60. 

of frustum of cone, 72. 
of frustum of pyramid, 67. 
of regixlar pyramid, 50. 

Slide rule, 1, 2. 

Small circle of spliere, S7. 

Solid, 18. 

volume of, 19. 

Solid geometry, 9. 

typical proofs of, 13. 

Solids, for wh.icli V == Bh, IS. 
for wliichL V — ^Bh, 46. 
for which. V = (mean B^h, 67. 
of revolution. 111. 

Sphere, 87. 

axis of circle of, 87. 

center of, 87. 

great circle of, 87. 

inscribed in polyhedron, 116. 

plane tangent to, 87. 

small circle of, 87. 

terrestrial, 94. 

Spherical cone, 103. 

Spherical sector, 103. 
base of, 103. 

Spherical segment, 97. 
altitude of, 98. 
bases of, 98. 
of one base, 98. 

Straight line, oblique to plane, lO. 
parallel to plane, 9. 


Straight line Ccontznued) 

perpendicular to plane, lO. 
Summary of formulas, 131, 132. 
Surface, conical, 57. 

cylindrical, 37. 

Surfaces of revolution. 111. 

Tabular difference, 150. 
Tetrahedi-on, regular, 116. 
Theorem, Cavalieri’s, 25. 
of Pappus, no. 
on limits, 144. 
prismatoid, 123. 
volume, 27. 

Theorems of solid geometry, lO. 

typical proofs of, 13. 
Triangular pyramid, 116. 
Trimcated cylinder, 81. 
Truncated prism, 81. 

Unit of volume, 19. 

Vertex, of polyhedral angle, 15. 
of pyramid, 46. 

Vertices of polyhedron, IS, 116. 
Volume, of solid, 19. 
of solids, 131, 132. 
theorem, 27. 
unit of, 19. 

Zone, 95. 

altitude of, 95. 
area of, 95. 
bases of, 95. 
of one base, 95. 
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I^sDEIX 


Similar figures, 4, 53. 
solids, 53. 

Similar polytiedrons, 53. 

Slant tieiglit, of cone of re\'olution, 
60. 

of frustum of cone, 72. 
of frustum of pyramid, 67. 
of regixlar pyramid, 50. 

Slide rule, 1, 2. 

Small circle of spliere, S7. 

Solid, 18. 

volume of, 19. 

Solid geometry, 9. 

typical proofs of, 13. 

Solids, for wh.icli V == Bh, IS. 
for wliichL V — ^Bh, 46. 
for which. V = (mean B^h, 67. 
of revolution. 111. 

Sphere, 87. 

axis of circle of, 87. 

center of, 87. 

great circle of, 87. 

inscribed in polyhedron, 116. 

plane tangent to, 87. 

small circle of, 87. 

terrestrial, 94. 

Spherical cone, 103. 

Spherical sector, 103. 
base of, 103. 

Spherical segment, 97. 
altitude of, 98. 
bases of, 98. 
of one base, 98. 

Straight line, oblique to plane, lO. 
parallel to plane, 9. 


Straight line Ccontznued) 

perpendicular to plane, lO. 
Summary of formulas, 131, 132. 
Surface, conical, 57. 

cylindrical, 37. 

Surfaces of revolution. 111. 

Tabular difference, 150. 
Tetrahedi-on, regular, 116. 
Theorem, Cavalieri’s, 25. 
of Pappus, no. 
on limits, 144. 
prismatoid, 123. 
volume, 27. 

Theorems of solid geometry, lO. 

typical proofs of, 13. 
Triangular pyramid, 116. 
Trimcated cylinder, 81. 
Truncated prism, 81. 

Unit of volume, 19. 

Vertex, of polyhedral angle, 15. 
of pyramid, 46. 

Vertices of polyhedron, IS, 116. 
Volume, of solid, 19. 
of solids, 131, 132. 
theorem, 27. 
unit of, 19. 

Zone, 95. 

altitude of, 95. 
area of, 95. 
bases of, 95. 
of one base, 95. 



